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Non-Standard Analysis in Electrical Engineering.
Complex Circuits with Ideal Reactive Elements

The article presents the application of concepts and methods of non-standard analysis to problems of theoreti-
cal electrical engineering. It is substantiated that standard methods of electrical engineering are not effective
enough, because they are excessively complex or even unsuitable for calculating DC electrical circuits con-
taining ideal inductances and capacitances. This problem arises because for direct current (with zero frequen-
cy) the inductive resistance is zero, and the capacitive resistance goes to infinity. As a result, when using
standard methods to calculate such electrical circuits, it is necessary to solve uncertainty expressions of the

type 0 or 3, which creates difficulties within the framework of traditional mathematical analysis. Given
o0

the above difficulties, it is proposed to replace the classical mathematical analysis with a non-standard one. In
this approach, the frequency of the direct current is considered not as zero, but as an infinitely small value a.
This approach makes it possible to determine the reactance of inductive elements as oL and the reactance of

. 1 . . .
capacitive elements as-—C . This allows to successfully apply all standard methods of theoretical electrical
(04

engineering and avoid the need to work with indefinite expressions. The article provides specific examples of
the analysis of complex direct current circuits with ideal inductances and capacitances.
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ment
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Introduction

Non-standard analysis became widely used in the middle of the last century, which was made possible
by the new axiomatics of mathematical analysis proposed at that time. Nowadays, non-standard analysis
methods are quite often used in various fields of science and technology. When solving various technical and

e . o . 0 o0 C .
scientific problems, in some cases it is necessary to reveal uncertainties of the type 6 or —, which is ex-
0.0]

tremely difficult when using classical methods of analysis [1]. In such cases, it is advisable to use ideas and
methods of non-standard analysis, which consist in the direct use of infinitely small and large numbers [2, 3].
In [4], the axiomatics of mathematical analysis are considered, which is based on the set of hyperreal num-
bers, which contains, in addition to standard numbers, also non-standard (infinitely small, infinitely large,
their combinations with standard numbers) numbers. The use of non-standard analysis methods in identify-
ing the internal parameters of electric motors, which in many cases cannot be implemented using traditional
methods, is promising [5, 6]. Also, non-standard analysis methods can be used for mathematical modeling of
electromechanical objects [7—9], mathematical modeling and calculation of measuring channels of electrical
and non-electrical physical quantities [10-12], calculation of building structures [13, 14], analysis of biologi-
cal [15], chemical [16] processes, as well as in medicine [17, 18]. The use of non-standard analysis in theo-
retical electrical engineering is especially important. Traditionally, calculation methods based on Ohm's and
Kirchhoff's laws are used to analyze DC electrical circuits, but there are a number of tasks for which the use
of these methods is practically impossible. Therefore, it is relevant to use the mathematical apparatus of non-
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standard analysis, which will allow using known unified methods for calculating such circuits. For example,
this applies to the calculation of DC circuits with ideal reactive elements [19], as well as the analysis of tran-
sient processes in second-order electrical circuits with violation of switching laws [20]. This article discusses
the use of non-standard analysis methods for complex circuits with ideal reactive elements.

Formulation of the problem

Calculation of DC circuits is usually carried out using traditional methods based on Ohm's and Kirch-
hoff's laws. However, such standard approaches are unsuitable for certain specific cases, in particular for
complex electrical circuits containing ideal reactive elements. The complexity arises from the fact that at DC
the resistance of an ideal inductance is zero, and the resistance of an ideal capacitance tends to infinity,
which in this case makes it impossible to calculate complex circuits. In some cases, such problems can be
solved by calculating using the energy characteristics of reactive elements, which significantly complicates
the calculations, especially for complex circuits. In view of this, the application of the mathematical appa-
ratus of non-standard analysis, which allows the use of unified methods for calculating such circuits, is rele-
vant and promising. The paper considers non-standard analysis of complex DC circuits with ideal reactive
elements. The aim of the article is to define a class of non-standard electrical engineering problems for the
analysis of complex DC circuits with ideal inductances and capacitances, as well as to extend non-standard
analysis methods to a wider class of problems involving the calculation of complex circuits with ideal in-
ductances and capacitances.

Research results

Let R denote the ordered set of real numbers, and we will call the number o an infinitely small num-
ber if and only if

VreR(oc<r). 1)
An infinitely large number will be called the number = 1 , for this case we can write
(04

vreR(B>T). )

Infinitesimal numbers of the first, second, third, and Kk -th order are defined, respectively, as
a>a’ >0’ >a*, and infinitely large numbers of the first, second, third, and k -th order are defined, respec-
tively, as p<P° <p* <p*.

All the rules of algebra apply to infinitely small and infinitely large numbers, namely addition, subtrac-
tion, multiplication, division, exponentiation, and theorems (commutativity, associativity, etc.). Infinitely
small and infinitely large numbers, together with the real numbers r € R, form an ordered set of hyperreal
numbers *R, the real numbers r eR are called standard or Archimedean in contrast to the non-standard
numbers *r e*R. In the following, the notation ~. Il mean the equivalence of two non-standard numbers.

For standard numbers m and n, the following relations are valid:
mo M ma m ‘ .
—=—, —=—0a, mMma+n=n, ma“+n=n, Sina~a, coSa, =1, 3
no n n n

Not only the set of real numbers, but also the set of complex numbers has the same structure, based on
this we can write:

mo+ jn= jn, mB+ jnmP, M+ jna=m, m+ jnB~ jnp. 4)

Since, in this case, the DC circuit is considered as a sinusoidal current circuit, the cyclic frequency of
which is zero, the symbolic method can be used to solve such a problem, provided that m=o.. Assuming
w=a, for the complex resistance of the inductance we can write

Z ~joL, (%)
and for the complex capacitance resistance
1
Z.~——, 6
Ze ¥ Joc (6)
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As a first example, consider the complex electrical circuit with three ideal inductances, two of which
are magnetically coupled. First, consider the matched connection of ideal inductances, as shown in Fig. 1.

r L;
o—{ =YY
> % l I l
e IS
U h M é
. L L;
o

Figure 1. Electrical circuit with three ideal inductances and magnetic coupling
between two of them (matched switching)

For the given circuit, the equations according to Kirchhoff's laws have the form:
1L,-1,-1,=0,
1L(r+ jobL, + jaM)+ 1, (joL, + jaM )=U ,
Ljol, =1, jab, + 1, jaM .
Let perform equivalent transformations for equation (8).
L(r+job + jaM)+1,(joL, + jaM )= L,r =U .
From expression (10) it follows:

Thus, new equations were obtained in accordance with Kirchhoff's laws:
U

~—1,-1,=0,
r 2 =3

. . U .
L jol, =12j(XL2+TJOLM .

Let’s determine the current 1, from the equation (12) and substitute it into the second equation.

U

-2
r

1y

(%—JjjaLS:uaLﬁ”TjaM.

From these equations it follows

Ejalﬂ—lzjocLS =12j0LL2+EjocM ,
r r

2 (ol - jaM) =1 (jaky + ja, ),

P ol JoM) y (1, —w)
(jaL, + jal,) r(l+L,) "
| _!—l _!_U(LS_M)_U(L2+M)
“r 7 oror(L+L) r(L+L)

L=
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As an example, let perform numerical calculations of the complex circuit shown in Figure 1 for three
characteristic cases of the ratio between the inductances L, L,,L, and the mutual inductance M , setting the

following parameters: U =30 V, r=10 Ohm, L, =0.2 H, L, =0.1 H, L, =0.12 H.

For the first characteristic case M =0.05 H, i.e. M <L,. As a result of the calculation, we obtain
1,=0.955 A, and 1,=2.045 A.

For the second characteristic case M =0.12H, i.e. M =L,. In this case, all the current flows in the
third coil (1, =3 A), and in the second coil it disappears (1, =0 A).

The most interesting is the third characteristic case, M =0.14 H, L, <M <,/L,L, . Here, the so-called
"false capacitance effect” is observed, when the current in the third coil (1, =3.273 A) exceeds the input cur-

rent, and in the second coil 1, =—0.273 A the current changes its direction.
Let consider the case of counter-switching of inductors (Fig. 2).

r Li
o—/—"J}—"rV"
* I l Is
U I; 11\’ é ’
i % L: L:
o

Figure 2. A circuit with three ideal inductances and magnetic coupling between two of them (counter-switching)

For the given circuit, the equations according to Kirchhoff's laws have the form:

1,=1,-1,=0, (20)
L(r+jalL - jaM)+ 1, (jaL, — jaM)=U, (21)
Ljal, =1, joL, - 1,jaM . (22)
Let perform equivalent transformations for equation (21).
1 (r+jalL, — jaM)+ 1, (jaL, — jaM )= Lir=U . (23)
From expression (23) it follows:
U
== (24)
r
Thus, new equations were obtained in accordance with Kirchhoff's laws:
U
—-L-1,=0, (25)
. . uU.
Ljobs =1, jal, —— jaM.. (26)
Let's determine the current I, from the equation (25) and substitute it into the second equation.
U
U i . U .
(T—JJJOLLGLJOLLZ—TJ&M- (28)

From these equations it follows
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= jab, - Ljab, = L jol, -= joM 29)

UT('OLI_3+jocM)=12(jaL3+j0LL2), (30)
u,. .

L=r(.JaL3+.JaM)=U(L3+M), (31)
(joaby+ jal,)  r(L+L,)

U :E_U(L3+M)_U(L2—M)

L="-L=7 r(L+L) r(L+L) (32)

As an example, let perform numerical calculations of the complex circuit shown in Figure 2 for three
characteristic cases of the ratio between the inductances L, L,,L, and the mutual inductance M , setting the
following parameters: U =30 V, r=10 Ohm, L, =0.2 H, L, =0.1 H, L, =0.12 H.

For the first characteristic case M =0.05 H, i.e. M <L,. As a result of the calculation, we obtain
1,=2.318 A, and 1,=0.682 A.

For the second characteristic case M =0.1 H, i.e. M =L,. In this case, all the current flows in the se-
cond coil (1, =3 A), and in the third coil it disappears (1, =0 A).

The most interesting is the third characteristic case, M =0.14 H, L, <M <,/L,L, . Here, the so-called
“false capacitance effect” is observed, when the current in the second coil (I, =3.545 A) exceeds the input

current, and in the third coil 1, =—0.545 A the current changes its direction.

It should be noted that this task is very difficult to solve without the help of non-standard analysis
methods, and for the next task it is practically impossible.

Let consider the second example, in which we determine the currents in all branches of a complex elec-
trical circuit with ideal inductances and resistors, which is shown in Figure 3.

I
o—i }

I
U

—_—
) L;
111

=),

Figure 3. Complex electrical circuit with ideal inductances and resistors

o

Let the circuit shown in Figure 3 have the following parameters: U =100V, r, =10 Ohm,
r,=200hm, L=02H, L,=015H, L,=01H, L, =0.05H, L, =0.025 H. Let calculate this circuit
using the loop current method. The equations for the loop current method have the form:

luZiy+ 1520, + 152, =U (33)
12y + 1525 + 1525, =0, (34)
132y + 15,25 + 13,25, =0. (39)
Let find the self and common resistances of the contours:
Zy =—joby, Zy=-1,—jals, Z; =—jal,, (36)
Z,, = joby + jols + jolg +1,, (37)
1, = joab, + joL, + jolg +T1,. (38)

Let first consider equation (33), substituting into it expressions for the self and common resistances.
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_|11(I’1+jOLL1+jOLLZ)+122(—jOLL1)+|_33(—jOLL2)=U : (39)
Since only the coefficient at |, is not infinitely small, we perform equivalent transformations:
_|11(r1 + jal, + jal—z)"’ 1, (—jaL1)+ "33 (_jal-z) ~1,n=U. (40)
From equation (40) it follows
l=1= 2 : (41)
n
Similarly, we perform equivalent transformations for equation (34).
u, . . . . .
?(_JaLl)+122 ( Jaly + jal; + jols + r2)+|_33 (_rz - JaLs) ~hly, 1l =0. (42)
1
From equation (42) we obtain
1, =15, (43)
and
lg=1;-1,=0. (44)
Let perform equivalent transformations for equation (35).
u, . . . . . n!
—(—jOLL2 ) +1y (—I‘2 - J(XLS)+ 1 ( Job, + joL, + jals +1, ) r—l——— +hl;=0. (49)
I, ri(n—r)t,
It is obvious that
1y =1y (46)
Since there is no current in the inductance Ly, the task is significantly simplified, so we can write
U L
[ G YN (47)
(L+L+L+L,)r
U L
=1, = Ltl) 4, (48)
(L+L+L+L,)r

Let’s consider the third example, we will determine in a DC branched circuit with ideal capacitances
(Fig. 4) the voltages on the capacitors C,,C,,C,, the circuit parameters: U =100V, C, =200 pF,

C, =150 yF, C, =100 uF.
o—|
1
e T &

U

Figure 4. Branched circuit with ideal capacitances

Let find the total complex resistance of the circuit
1 1 1
1 joC, joC, 1  (jaC,)(jaC,)
- + = — + == - =
joC, 1 1 jaC,  jaC, + joC,
joC, jaC, (joC,)(joCy)

~
—8X
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1 1 joC, + joC, + jaC, C,+C, +C,
=———+- == . . =- : (49)
jaC,  jaC,+ joC; joC,(joC,+ jaC,) joC,(C,+C;)
then the current flowing through the capacitance C,
UjaC,(C,+C
| =Y UG (GG, (50)
Z. C +C,+C,
The currents flowing through the capacitors C,,C, are found as
1
Ly G _UaG(C,+C) (jeC;) _ UjaCc, 51
o1 1 C+G+C,  jaC,+jaC, C+C,+C,
joC, jaC,
1
Lo jaC, :Ujoccl(C2+C3). (jaCy) _ UjaCC, . (52)
A R 1 C,+C,+C, joaC,+jaC, C,+C,+C,
joC,  jaC,
The voltages on the capacitors are determined by the following expressions:
UjaC,(C,+C U(C,+C
Ug, = lgy — = (€t C) 1 _Y(CC) 57y, (53)
' ' jaC, C,+C,+C, joC, C +C,+C,
T _1 __UjaCC, "1 __ UG _57.143V, (54)
: ?jaC, C +C,+C; joC, C,+C,+C,
U, =1, L - UGG 1 VS, 57143V (55)

" jaC, C,+C,+C, joC, C,+C,+C,
It is obvious that the voltages on the capacitors C,,C, are the same.

Conclusion

1. The article systematizes a specific class of problems in theoretical electrical engineering. These prob-
lems concern the analysis of complex DC electrical circuits containing ideal capacitive and inductive ele-
ments. It is argued that traditional methods of analysis for this class of problems are extremely difficult or
cannot be applied at all. This is due to the emergence of uncertainties caused by the limiting values of
reactances at zero frequency (at DC).

2. To solve the above problems, it is proposed to apply a non-standard analysis, namely, to consider the
frequency of the direct current not as zero, but as an infinitely small value. This approach transforms the
original problem, making it suitable for solution using classical unified methods of theoretical electrical en-
gineering.

3. The proposed approach, based on the use of non-standard analysis, has demonstrated high efficiency
in solving electrical engineering problems on examples of analyzing complex electrical circuits with ideal
reactive elements and contour parameters of various orders of infinitesimality.

4. It is advisable to direct further research to identify similar problems in other branches of science and
technology, where the use of classical methods is limited due to the presence of boundary processes or un-
certain analytical expressions. This will contribute to expanding the scope of application of non-standard
analysis as an effective tool for mathematical modeling.
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C. Kangis, B. Kyxapuyk, B. Magsspos, B. Kyuepyk,
I1. Kynakos, B. ManskoBckas, A.K. Xacenos, J[.2K. KapabekoBa

DJIeKTPTEXHUKAAAFbI CTAHAAPTTHI eMeC TaJiay.
HNnean peakTuBTi 3J1IeMeHTTEPI 0ap KypaeJi cxemaJsap

Makasaaa TeOpHUsIIbIK IICKTPTEXHUKA MocelelepiHe CTaHAapTThl eMeC TalIay/IblH TYKbIpbIMAaMaapbl MEH
onicTepiH KoymaHy YChIHbLUTFaH. CTaHIapTTHI AIEKTPTEXHUKA 9NicTepl KETKUTIKTI THIMAI eMec, OfTKeHi oap
oTe KYp/eni HeMece TIlTi HeaIbl HHIYKTUBTUIIK ITIeH CHIMBIMIBUIBIKTEI KAMTHTBIH TYPAKThI TOK Ti30eKTepiH
€cernTey YIIiH kapaMchi3. bysr Mocene TypakThl TOK YIIiH (HOJIIK KUUTIKTE) MHAYKTHBTI Kelepri Holre TeH
OOJIFAaHIBIKTAH JKOHE CHIMBIMIBUIBIK KEeIeprici IIeKCi3[AiKKe KeTeTiHAIKTeH TyblHaaiapl. Hormkecinne,
MyHIail 3JeKTp Ti30eKTepiH ecenTeyaiH CTaHJapTThl SAICTEPiH KOJIaHFaH Ke3[e, TUNTeri Oenricizmik

0
OpHEKTEepiH 6 HeMece — JOCTYpl MaTeMaTHUKAIBIK Tajnay LIeHOepiHIe KUBIHABIKTAp TYFhI3aThIH
0
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Macenenepai memyre Typa kenedi. OCbl KHBIHIBIKTAp/bl €CKePe OTBIPHIN, KJIACCHKAIBIK MaTeMaTHKAIIBIK
aHaJIM3/li CTAaHAAPTTHI €MEC aHATU3Te ayBICTBIPY YCHIHBUIAABL. byl Tocinae TypakThl TOK JKULTIr HONAIK eMec,
0 IIEKCi3 ImaMachl peTiHae KapacThlpbUiagsl. OChl TOCUT HHAYKTUBTI SJIEMEHTTEPIiH PEaKTUBTLIIrH, COHAAN-

aK =< CBHIBIMIBUIBIK DJIEMEHTTEPIiHIH PEaKTHBTUIKTI KeepriCiH aHbIKTayFa MYMKIHIIK Oepeni. By
o

TEOPHSIIBIK JICKTPTEXHUKAHBIH OapIIBIK CTAaHAAPTTHI OICTEPiH COTTI KOJAaHYFa KoHE OeNrici3 epHEeKTepMEH
JKYMBIC iCTey KaXETTUIriH OoJnmplpmayra MYMKiHAIK Oepeni. Makamaga uaeaiansl MHIYKTUBTUIINT MEH
CBHIABIMAIBUIBIFBI Oap KYpesi TYpakThl TOK Ti30EKTepiH TajAayablH HAKThl MbICANaphl KENTIpiiAreH.

Kinm ces3oep: TypakTbl TOKTBIH KYpZHelNi Ti30eKTepi, CTaHZApPTTHl €MeC TalAay, JIEKTPTEXHHKA, HAeaIbl
PEaKTHBTI JIEMEHT

C.1I. Kangpis, B.B. Kyxapuyk, B.I'. Maassipos, B.1O. Kyuepyk,
[L.H. Kynakos, B.C. ManskoBckas, A.K. Xacenos, J[.K. Kapabekosa

HeCTaH[[apTHbIﬁ AHAJIN3 B JJICKTPOTCXHUKE.
CioxxHbI€ CXeMBI ¢ Ha€AJTbHBIMHU PCAKTHBHBIMH 3JICMCHTAMHA

B craree npezacrasieHo nprMeHeHHe KOHIIETIIUI 1 METOI0B HECTAaHIapTHOTO aHalM3a K rmpoliemMaM Teope-
THUYECKOW DIIEKTpOoTeXHUKU. OOOCHOBAHO, YTO CTAHIAPTHBIE METOBI AIEKTPOTEXHUKH HEJOCTAaTOUHO dPek-
TUBHBI, IIOCKOJIBKY OHHM YPE3MEPHO CIIOXHBI I JaXKe HEMPUTOAHBI JUIA pacueTa 3JIeKTpUYEeCKUX Lenel mo-
CTOSIHHOTO TOKA, COAEPIKAIINX HeanbHble HHIYKTHBHOCTH M €eMKOCTH. DTa IpobiieMa BO3HUKAET U3-3a TOTO,
YTO AT TMOCTOSTHHOTO TOKa (C HYJEBOH 4acTOTON) MHAYKTHBHOE COIIPOTHUBIIECHHE PABHO HYIIO, & EMKOCTHOE
CONPOTHBIEHHE YXOIUT B OECKOHEUHOCTh. B pe3ynbraTe IMpH HCIOIB30BAaHUH CTAHAAPTHBIX METOIOB pacue-

o]
Ta TAKUX BJICKTPUUYCCKUX nenei MPUXOAUTCS PEHIATh BBIPAXKCHUA HCONPEACICHHOCTU THUIIA 6 HiIM — , 4TO
o]

CO3acT TPYAHOCTHU B paMKax TPpaAUIIMOHHOI'O MAaTEMAaTHICCKOI'O aHaI13a. YuauteiBas YKa3aHHbIC TPYAHOCTH,
npemiaracTcsa 3aMCHUTDH KJTACCHUECKHI MaTeMaTUYeCKH aHaIW3 Ha HeCTaHZ[apTHI;Iﬁ. HpI/I TaKOM IIOAXOIC
JacToTa MOCTOSITHHOI'O TOKa pacCMaTpUBACTCA HC KaK HYJICBasA, a Kak OCCKOHEYHO Malasi BeauduHa o. Takoi
MOAXO0/ TTO3BOJIAECT ONIPEACIATH PEAKTUBHOE COINPOTHUBICHUEC WHAYKTHUBHBIX JJICMEHTOB KaK W PCAKTUBHOC

COMPOTUBJIICHUEC EMKOCTHBIX JJIECMEHTOB KaK — _C . DTO MO3BOJISET YCOEIHO MPUMEHATH BCE CTAHOAPTHHIC
o

METO/1bI TeOpeTI/I‘IeCKOﬁ DJICKTPOTCXHUKH U n30exarh HeO6XOI[I/IMOCTI/I pa6OTBI C HCOINPCACICHHBIMU BbIpa-
s)keHussMu. B cratbe NPUBEACHBI KOHKPETHBIEC MPUMEPHI aHaJIn3a CJIOKHBIX L(er[eﬁ IIOCTOSITHHOT'O TOKa C UJA€-
AJIbHBIMU MHAYKTUBHOCTAMHA U €EMKOCTBIO.

Kniouesvie cnoga: clnoxHbIEe IEMH MOCTOSHHOTO TOKA, HECTAHAAPTHBIA aHAIN3, 3MEKTPOTEXHUKA, HCAITbHO-
PEeaKTUBHBIN 2JIEMEHT
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