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Modeling of Turbulent Non-Isothermal Flow in a Heating Network Pipe 

The article presents a mathematical model of turbulent non-isothermal flow of viscoplastic fluid in a pipe 

with a sudden expansion of the heat network. Heat exchange of non-isothermal flow of viscoplastic fluid with 

cold environment leads to an increase in its viscosity and yield strength. Shvedov-Bingham rheological model 

represents the viscoplastic state of fluid. The Reynolds Stress Model (RSM) turbulence model describes the 

properties of anisotropy of the velocity components of pulsating motion in a pipe with a sudden expansion. In 

addition, the ability to predict turbulence anisotropy of the RSM model is used to construct a linear model of 

turbulent viscosity. Calculation data are obtained for different values of Reynolds and Bingham numbers. The 

calculation results show that with an increase in the Bingham number, the circulation zone decreases behind 

the section of the sudden expansion of the pipe. The results of the comparison of the radial profiles of the 

normalized axial mean and fluctuation velocity with the experimental data along the pipe with sudden expan-

sion are given. The results show the anisotropic property of the axial and radial profiles of the velocity of fluctu-

ation movement, which are in agreement with the data of the DNS (Direct Numerical Simulation) model. 
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Introduction 

Sudden expansion of flow is widely used to intensify transfer processes in Newtonian flows (NF) and is 

encountered in many technical devices, for example, when connecting pipes of different diameters. 

Knowledge of the flow and heat transfer characteristics in separated flows is important from both fundamen-

tal and practical points of view. The flow in a sudden expansion pipe has been frequently used by several 

authors to test and evaluate turbulence models. Such a flow combines a region of strong nonequilibrium, a 

recirculation region, after which the flow returns to equilibrium. The sudden expansion pipe has also been 

the subject of many experimental studies, providing useful information and improving our understanding of 

turbulence. Of industrial interest is the application in flows associated with turbulence, such as corrosion in 

the heating network [1]. The separation and reattachment of flows in a sudden expansion pipe were studied 

experimentally in [2–6]. A numerical study was carried out in [7], where the (k-e) and algebraic stress mod-

els and their modifications to account for the curvature of streamlines were considered. As a result, it was 

shown that the modified algebraic stress model gives a better agreement with the experimental data [8]. 

It should be noted that we have not found any experimental or numerical works devoted to heat transfer 

in turbulent separated non-Newtonian flows, with the exception of [9]. The aim of this work is a numerical 

study of the flow structure, kinetic energy of turbulence and heat transfer of a non-Newtonian fluid in a pipe 

with sudden expansion. The novelty of this work is also the consideration of the dependence of viscosity and 

yield strength on temperature. 

1. Mathematical model

1.1 Statement of the Problem 

The pipe diameter at the inlet 1 12 0.2 D R m  , and after a sharp expansion 2 22 0.3 D R m  , the step
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    respectively. The wall temperature is constant and varies within the range

273 293 wT K  . The Reynolds number   41 1
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0.7 3 10m

w

U D
Re

v
    , where 1 1 /w wv   . The Prandtl num-

ber of paraffinic oils at the inlet is 
1 1 1/ 42w p wPr C   . 

1.2 Basic equations 

The basic equations of non-isothermal turbulent motion of a viscoplastic fluid are given in [10, 11]: 

 0U   (1) 
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The coefficient of effective molecular viscosity 
eff  is found from the expression [12–15]: 
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The singular property 
0    of formula (4) can be regularized using the approach [14, 15] and written 

as: 
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where the regularization parameter is 1000   m s  [16]. 

The system of basic equations (1–5) is considered together with the RSM model of turbulent stresses, 

which is written in the form [17, 18]: 
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here, ijP  and 0.5 kkP P  are stress production terms, ij  is redistribution term [17], 
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 are turbulent time and length macroscales, where / /2 i jk u u  is the turbulent kinet-

ic energy, ij  is viscous dissipation rate tensor of turbulent stresses, 0.5 kk   , and   is a blending coeffi-

cient, and it changes from zero at the wall to unity far from the wall [17]. The constants and model functions 

of the system of equations (8) are given in [17]. 

1.3 Boundary conditions 

The flow diagram is shown in Figure 1. On the pipe wall before and after expansion: 
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Figure 1. Flow diagram in a pipe with a sudden expansion 
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on the pipe axis: 
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Constant values of variables are set at the pipe inlet, and soft boundary conditions are set at the outlet. 

2. Numerical realization 

The numerical solution is obtained using a control volume method on a staggered grid. The algorithm 

for solving the system of equations (1)–(6) in the variables “velocity ― pressure components” is described in 

detail in the work [10, 19]. All numerical predictions are performed using the “in-house” code. 

The numerical method was verified by comparison with the experimental results [19] of isothermal 

flow in a pipe with a sharp expansion (Fig. 2). It is known [20] that the generalized model of a Newtonian 

fluid can describe non-Newtonian flows that thin under shear. The regime parameters, properties of Newto-

nian and non-Newtonian fluids with xanthan gum (XG) are given in Table. The power-law fluid was an 

aqueous solution with 0.2 % XG with an index n = 0.34 by weight [21] and 0.1 % XG with n = 0.43 [19]. 

The difference in the average axial velocity profiles between the results for NF and NNF is insignifi-

cant (Fig. 2a). The average axial velocity profiles for NF and NNF are similar in the experiments [19] and 

the authors’ calculations. The recirculation length in NNF is 20 % shorter than in NF (Table). The radial ve-

locity profiles of axial pulsations show agreement between the measurements [19] and the authors’ calcula-

tions (Fig. 2b). 

 

    
 a) b) 

Figure 2. Radial profiles of axial average (a) and fluctuation (b) velocity along a pipe with sudden expansion.  

Symbols are measurements [18, 20], lines are authors’ calculations 



U.K. Zhapbasbayev, D.Zh. Bossinov et al. 

70 Вестник Карагандинского университета 

T a b l e  

The length of recirculation region. Comparisons with measurements of [18] 

Fluid Um1, m/s ReW xR/H [14] 
Authors’  

simulations 

Water 4.61 1.35×10
5
 8.43 9 

Water 1.73 5.03×10
4
 8.71 9 

0.1 % XG 3.04 1.96×10
4
 6.93 7.5 

0.2 % XG 4.05 1.94×10
4
 7.14 7.4 

0.2 % XG 5.01 2.72×10
4
 6.78 7.3 

 

3. Discussion of calculated data.  

Viscoplastic turbulent flow in a pipe without sudden expansion 

Figure 3 shows comparisons of the pulsating velocity in the axial and radial directions with the DNS da-

ta [22]. The RSM model qualitatively describes the anisotropy of the axial and radial velocity pulsation pro-

files well (Figs. 3a and 3b). The maximum discrepancy between DNS and RANS of the authors is up to 

20 %. The positions of the maximum values and practically coincide with the DNS data [22]. The predictions 

obtained confirm the possibility of successfully using the RSM model to describe the non-isothermal turbu-

lent flow of a viscoplastic fluid without additional terms in the RSM transfer equations. 

 

  
 a) b) 

Figure 3. Comparison of the results of calculations of the RSM model of axial (a)  

and radial (b) velocity fluctuations with the results of DNS [21] 

 

4. Calculated data of turbulent flow of viscoplastic fluid.  

Structure of viscoplastic fluid flow 

Figure 4 shows the distributions of the recirculation length (a) and maximum values of turbulent kinetic 

energy (b) of isothermal viscoplastic fluid from Bingham numbers Bm. Here NF

Rx  and 
max

NFk  are the recircula-

tion length of the flow and the maximum value of turbulent kinetic energy Newtonian fluid (NF), respective-

ly. 

The non-Newtonian fluid causes a significant decrease in the length of the recirculation flow zone and 

the turbulence level (Figs. 4a and 4b). An almost twofold decrease in the length of the recirculation region is 

shown at Bm = 17 compared to the flow of a Newtonian fluid (Bm = 0) (Fig. 4a). The decrease in turbulent 

kinetic energy reaches 60 % at Bm = 17 (Fig. 4b). The Reynolds numbers Re = 0.5·10
4
 and 2.0·10

4
 do not 

have a large effect on the length of the recirculation zone, the difference is up to 10 % at Bm = 17. 
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 a) b) 

Figure 4. The effect of flow Reynolds and Bingham numbers on distributions  

of recirculation length (a) and maximal values of turbulent kinetic energy (b) 

Figure 5 shows the influence of the Bingham (a) and Reynolds (b) numbers on the maximum average 

axial value of the reverse flow of an isothermal viscoplastic fluid. 

 

            
 a) b) 

 
c) 

Figure 5. The effect of Bingham (a) and Reynolds (b) numbers on the maximal mean axial magnitude  

of reverse flow, and wall friction (c) of isothermal SB fluid. (a and c): Re = 10
4
; (b): Bm = 17 

For a Newtonian fluid (Bm = 0), the maximum negative values of the reverse flow ‒Umax/Um1 reach 

20 % (Fig. 5a) and correspond to the known data for flow in a pipe with sudden expansion [23, 24]. The cal-

culated data for different Bingham numbers are also presented here, and a sharp decrease in the maximum 

negative velocity (‒Umax/Um1 ≈ 0.075) is obtained for Bm = 17 (Fig. 5a). It can be noted that for non-
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isothermal flows of viscoplastic fluid, the recirculation zone does not have a significant effect on the pro-

cesses of turbulent transfer of momentum and energy compared to the Newtonian one. Similarly, an increase 

in the Reynolds number of the flow does not have a significant effect on the dynamics of the reverse 

flow (Fig. 5b). 

The distribution of the wall friction coefficient  2

1/ 2 /f W mC U   along the flow is shown in Fig-

ure 5c for different Bingham numbers Bm. The flow reattachment point for NF and NNF is located at Cf = 0. 

The value of the wall friction coefficient is negative in the recirculation region for NF and NNF due to the 

reverse flow (Fig. 5c). Downstream of the reattachment point, an increase in the wall friction coefficient is 

observed and the values become positive. The wall friction in isothermal flow is greater than for viscoplastic 

fluid. The location of the minimum point of Cf for NNF shifts upstream by almost 2 times compared to NF 

due to the manifestation of non-Newtonian behavior. 

A comparison of non- and isothermal viscoplastic flow following sudden expansion of a pipe is shown 

in Figure 6. 

 

 

Figure 6. Distributions of yield shear stress τ0 over the pipe radius for non- (solid and dashed lines)  

and isothermal (bold line) NNF behind the pipe sudden expansion 

Calculation of isothermal flow NNF with a constant value of the Bingham number Bm = 17 shows a 

constant value of the yield strength along the pipe radius (Fig. 6). Calculations of the transition of non-

isothermal turbulent flow of paraffinic crude oil show a more complex flow behavior. In the flow core, the 

yield strength value becomes zero (τ0 ≈ 0) and in this zone the flow is Newtonian (Fig. 6). In the recircula-

tion zone (x/H = 2) and near the pipe wall at (x/H = 15), the yield strength τ0 ≈ 16 (Fig. 6). Viscoplastic flow 

of the liquid takes place in this region. 

Conclusion 

The results of modeling non-isothermal turbulent flow in a pipe with expansion show the correctness of 

the developed mathematical model. In particular, a comparison of the radial profiles of the normalized axial 

average and fluctuation velocity with experimental data along a pipe with sudden expansion is carried out. 

The calculations show the anisotropic property of the axial and radial profiles of the fluctuation motion ve-

locity, which is in agreement with the data of the exact DNS model. Viscoplasticity of a turbulent fluid leads 

to the following effects: 1) reduction of the length of the recirculation zone and reduction of the kinetic ener-

gy of the fluctuation motion; 2) reduction of the maximum negative velocity (–Umax/Um1 ≈ 0.075) and reduc-

tion of the friction coefficient  2

1/ 2 /f W mC U    in the recirculation zone. In general, the recirculation 

zone of a viscoplastic fluid does not have a significant effect on the processes of turbulent momentum and 

energy transfer compared to the Newtonian one. 



Modeling of Turbulent Non-Isothermal Flow … 

Серия «Физика». 2025, 30, 2(118) 73 

Acknowledgements 

This work was supported by the Science Committee of the Ministry of Science and Higher Education of 

the Republic of Kazakhstan (Grant #BR24992907 for 2024-2026) and the Reynolds stress turbulence model 

was developed under the state contract with IT SB RAS (121031800217-8). 

Funding 

This research has been funded by the Science Committee of the Ministry of Science and Higher Educa 

tion of the Republic of Kazakhstan (Grant #BR24992907 for 2024-2026) 

 

 

References 

1 Sedahmed, G.H., Abdo, M.S.E., Amer, M.A., & Abd El-Latif, G. (1999). Effects of drag reducing polymers on the rate of 

mass transfer-controlled corrosion in pipelines under developing turbulent flow. Int. Comm. Heat Mass Transfer, 26, 531–538. 

https://doi.org/10.1016/S0735-1933(99)00039-1 

2 Back, L., & Roschke, E. (1972). Shear layer regimes and wave instabilities and reattachment lengths downstream of an ab-

rupt circular sudden expansion. J. Appl. Mech., 94, 677–681. https://doi.org/10.1115/1.3422772 

3 Khezzar, L., Whitelaw, J.H., & Yianneskis, M. (1985). An experimental study of round sudden expansion flows. In: Proceed-

ings of the Fifth Symposium on turbulent shear flows, 5–25. Cornell University. 

4 Driver, D.M., & Seegmiller, H.L. (1983). Features of a reattaching turbulent shear layer in divergent channel flow. AIAA 

Journal, 23, 163. 

5 Stieglmeier, M., Tropea, C., Weiner, N., & Nitsche, W. (1989). Experimental investigation of the flow through axisymmetric 

expansions, J. Fluids Eng., 111, 464–471. https://doi.org/10.1115/1.3243669 

6 Founti, M., & Klipfel, A. (1998), Experimental and computational investigations of nearly dense two-phase sudden expan-

sion flows. Experimental Thermal and Fluid Science, 17, 27. https://doi.org/10.1016/S0894-1777(97)10046-2 

7 Sindir, M.S. (1982).A numerical study of turbulence flows in backward-facing step geometries: a comparison of four models 

of turbulence. PhD Thesis. University of California, Davis, California, 

8 Kim, J., Kline, S.J., & Johnston, J.P. (1978). Investigation of Separation and Reattachment of a Turbulent Shear Layer: Flow 

Over a Backward Facing Step. Thermoscience Division, Report MD-37. Stanford University, Stanford, California.  

9 Pak, B., Cho, Y.I. & Choi, S.U.S. (1991). A study of turbulent heat transfer in a sudden expansion pipe with drag-reducing 

viscoelastic fluid, Int. J. Heat Mass Transfer, 34, 1195–1208.https://doi.org/10.1016/0017-9310(91)90028-D 

10 Pakhomov, M.A., Zhapbasbayev, U.K., & Bossinov, D.Zh. (2023). Numerical simulation of the transition of a Newtonian to 

a viscoplastic state in a turbulent flow. J. King Saud University-Sci., 35(2), 102522. https://doi.org/10.1016/j.jksus.2022.102522 

11 Pakhomov, M.A. & Zhapbasbayev, U.K. (2024). Comparative predictions of turbulent non-isothermal flow of a viscoplastic 

fluidwith a yield stress. Heliyon, 10 e24062.https://doi.org/10.1016/j.heliyon.2024.e24062 

12 Schwedoff, F.N. (1900). La rigidité des fluids. Rapports du Congrès International de Physique 1, 478. 

13 Bingham, E.C. (1922). Fluidity and Plasticity, McGraw-Hill. New York. 

14 Sattinova, Z., Assilbekov, B., Zhapbasbayev, U., Ramazanova, G., Sagindykova, G. (2024). Evaluation of influence of ther-

moplastic slurry flow conditions on heat transfer coefficient during beryllium ceramic formation. Bulletin of the University of Kara-

ganda-Physics, 2(114), https://doi.org/10.31489/2024ph2/82-93 

15 Wilkinson, W.L. (1960). Non-Newtonian fluids. Fluid Mechanics, Mixing and Heat Transfer. Pergamon Press, London  

16 Papanastasiou, T.C. (1987). Flows of materials with yield. J. Rheology, 31(5), 385–404. 

17 Fadai-Ghotbi, A., Manceau, R., & Boree, J. (2008). Revisiting URANS computations of the backward-facing step flow using 

second moment closures. Influence of the numeric. Flow, Turbulence and Combust, 81(3), 395–410.10.1007/s10494-008-9140-8 

18 Pakhomov, M.A., & Zhapbasbayev, U.K. (2024). RANS predictions of turbulent non-isothermal viscoplastic fluid in pipe 

with sudden expansion. J. Non-Newtonian Fluid Mech., 334, 105329.https://doi.org/10.1016/j.jnnfm.2024.105329 

19 Pereira, A.S., & Pinho, F.T. (2000). Turbulent characteristics of shear-thinning fluids in recirculating flows. Exp. Fluids, 28 

266‒278. 

20 Gavrilov, A.A., & Rudyak, V.Y. (2016). Reynolds-averaged modeling of turbulent flows of power-law fluids, J. Non-

Newton. Fluid Mech., 227, 45–55. https://doi.org/10.1016/j.jnnfm.2015.11.006 

21 Pereira, A.S., & Pinho, F.T. (2002). The effect of the expansion ratio on a turbulent non-Newtonian recirculating flow. Exp. 

Fluids, 32, 458–471. https://doi.org/10.1007/s00348-001-0386-3 

22 Singh, J., Rudman, M., Blackburn, H.M. (2017). The effect of yield stress on pipe flow turbulence for generalised Newtonian 

fluids. J. Non-Newtonian Fluid Mech., 249, 53−62. https://doi.org/10.1016/j.jnnfm.2017.09.007 

23 Terekhov, V.I., Bogatko, T.V., Dyachenko, A.Yu., Smulsky, Ya.I., & Yarygina, N.I. (2021). Heat Transfer in Subsonic Sep-

arated Flows. Springer, Cham.  

24  Ota, T. (2000). A survey of heat transfer in separated and reattached flows. Appl. Mech. Rev., 53, 219−235. 

https://doi.org/10.1115/1.3097351 

https://doi.org/10.1016/S0735-1933(99)00039-1
https://doi.org/10.1115/1.3422772
https://doi.org/10.1115/1.3243669
https://doi.org/10.1016/S0894-1777(97)10046-2
https://doi.org/10.1016/0017-9310(91)90028-D
https://doi.org/10.1016/j.jksus.2022.102522
https://doi.org/10.1016/j.heliyon.2024.e24062
http://dx.doi.org/10.1007/s10494-008-9140-8
https://doi.org/10.1016/j.jnnfm.2024.105329
https://doi.org/10.1016/j.jnnfm.2015.11.006
http://dx.doi.org/10.1007/s00348-001-0386-3
https://doi.org/10.1016/j.jnnfm.2017.09.007
https://doi.org/10.1115/1.3097351


U.K. Zhapbasbayev, D.Zh. Bossinov et al. 

74 Вестник Карагандинского университета 

У.К. Жапбасбаев, Д.Ж. Босинов, М.А. Пахомов, З.К. Саттинова 

Жылу желісі кенеттен кеңейгенде құбырдағы тұтқырпластикалы  

сұйықтықтың турбулентті ағынын модельдеу 

Мақалада жылу желісінің кенеттен кеңеюі бар құбырдағы тұтқырпластикалы сұйықтықтың 

турбулентті изотермиялық емес ағынының математикалық моделі келтірілген. Тұтқырпластикалы 

сұйықтықтың изотермиялық емес ағынының суық ортамен жылу алмасуы оның тұтқырлығы мен 

аққыштығының жоғарылауына әкеледі. Шведов-Бингем реологиялық моделі сұйықтықтың тұтқыр-

пластикалық күйін көрсетеді. RSM турбуленттік моделі кенет кеңеюі бар құбырдағы пульсациялы 

қозғалыстың жылдамдық компоненттерінің анизотропиясының қасиеттерін сипаттайды, сонымен 

қатар турбуленттілік анизотропиясын болжау мүмкіндігі турбуленттік тұтқырлықтың сызықтық 

моделін құру үшін қолданылады. Есептелген деректер Рейнольдс және Бингам сандарының әртүрлі 

мәндері үшін алынды. Есептеу нәтижелері Бингам санының ұлғаюымен құбырдың кенеттен кеңею 

қимасының артында циркуляциялық аймақтың кішірейетіндігін көрсетеді. Нормаланған осьтік орташа 

және флуктуация жылдамдығының радиалды профильдерін кенет кеңеюі бар құбыр бойындағы 

тәжірибелік мәліметтермен салыстыру нәтижелері берілген. Нәтижелер DNS (Direct Numerical 

Simulation) моделінің деректерімен сәйкес келетін тербелмелі қозғалыстың осьтік және радиалды 

жылдамдық профильдерінің анизотропты қасиеттерін көрсетеді. 

Кілт сөздер: кенеттен кеңею құбыры, изотермиялық емес турбулентті ағын, тұтқырпластикалы сұйық, 

RSM турбуленттік моделі, аққыштық шегі, жылу тасымалдау, рециркуляция аймағы, флуктуация 

жылдамдығы 

 

У.К. Жапбасбаев, Д.Ж. Босинов, М.А. Пахомов, З.К. Саттинова 

Моделирование турбулентного течения вязкопластичной жидкости  

в трубе тепловой сети с резким расширением 

В статье приводится математическая модель турбулентного неизотермического течения вязкопла-

стичной жидкости в трубе с резким расширением. Теплообмен неизотермического потока вязкопла-

стичной жидкости с холодной окружающей средой приводит к повышению ее вязкости и предела те-

кучести. Реологическая модель Шведова-Бингама представляет вязкопластичное состояние жидкости. 

RSM модель турбулентности описывает свойства анизотропности компонент скорости пульсационно-

го движения в трубе с резким расширением. Расчетные данные получены при различных значениях 

числа Рейнольдса и Бингама. Результаты расчетов показывают, что с ростом числа Бингама циркуля-

ционная зона сокращается за сечением резкого расширения трубы. Приведены результаты сравнения 

радиальных профилей нормализованной осевой средней и флуктуационной скорости с опытными 

данными вдоль трубы с внезапным расширением. Результаты показывают анизотропное свойство осе-

вых и радиальных профилей скорости флуктуационного движения, которые находятся в согласии с 

данными DNS (Direct Numerical Simulation) модели. 

Ключевые слова: труба внезапного расширения, неизотермическое турбулентное течение, вязкопла-

стичная жидкость, модель турбулентности RSM, предел текучести, теплопередача, область рецирку-

ляции, скорость флуктуации 

 

 

Information about the authors 

Zhapbasbayev, Uzak — Doctor of Technical Sciences, Professor, Head of the Research and Produc-

tion Laboratory “Modeling in Energy”, Satbayev University, 22 Satpaev Street, 050013 Almaty, Kazakhstan; 

e-mail: uzak.zh@mail.ru; ORCID ID: https://orcid.org/0000-0001-5973-5149 

Bossinov, Daniyar — Master of Science, Research Worker, Satbayev University, 22 Satpaev Street, 

050013 Almaty, Kazakhstan; e-mail: dansho.91@mail.ru; ORCID ID: https://orcid.org/0000-0003-3757-6460 

Pahomov, Maksim — Doctor of Physical and Mathematical Sciences, Major Research Worker, 

Kutateladze Institute of Thermophysics SB RAS, Novosibirsk, Russia; e-mail: Pakhomov@itp.nsc.ru; 

ORCID ID: https://orcid.org/0000-0002-8127-3638 

Sattinova, Zamira (corresponding author) — Candidate of Physical and Mathematical Sciences, As-

sociated Professor, L.N. Gumilyov Eurasian National University, 2 Satpayev str., 010008 Astana, Kazakh-

stan; e-mail: sattinova.kz@gmail.com; ORCID ID: https://orcid.org/0000-0002-2990-6581 

mailto:uzak.zh@mail.ru
https://orcid.org/0000-0001-5973-5149%20Посмотреть%20профиль%20этого%20автора%20в%20ORCID
mailto:dansho.91@mail.ru
https://orcid.org/0000-0003-3757-6460
mailto:Pakhomov@itp.nsc.ru
https://orcid.org/0000-0002-8127-3638
mailto:sattinova.kz@gmail.com
https://www.scopus.com/redirect.uri?url=https://orcid.org/0000-0002-2990-6581&authorId=54400166600&origin=AuthorProfile&orcId=0000-0002-2990-6581&category=orcidLink

