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Correlation functions of weakly inhomogeneous plasma

Abstract. This article focuses on the kinetic theory of inhomogeneous plasma and explores the interaction be-
tween a high-frequency electric field and weakly inhomogeneous plasma. Particularly, it examines the impact
of an external variable field on the kinetic and high-frequency properties of the plasma, including kinetic
equations, correlation functions, and distribution functions of charged particles. The study derives expressions
for the pair (two-particle) correlation function and the corresponding distribution function, taking into ac-
count the spatial inhomogeneity of the plasma and electric field, as well as the collisions between charged
particles. The results were obtained using the kinetic equation for the spatial-temporal spectral density of
fluctuations and the method of successive approximations (separation of slow motions and fast oscillations).
The field amplitude is considered a slowly varying function of time and coordinates. The calculations neglect
the contribution of the magnetic component of the electromagnetic field, which is applicable to longitudinal
electric fields. The results obtained in this article are primarily of theoretical interest, they reveal the picture
of the interaction of a weakly inhomogeneous plasma with a high-frequency electric field and can be used in
the construction of a kinetic theory of an inhomogeneous plasma located in high-frequency electromagnetic
fields. Note that for charged particles of the same sign, the correlation function is negative, and for particles
of different signs it is positive. In addition, the correlation function is exponentially small when the distance
between the particles is greater than the Debye radius. In all calculations, the contribution of the magnetic
component of the electromagnetic field is neglected, which is quite true for the longitudinal electric field.

Keywords: High-frequency properties, inhomogeneous plasma, kinetic equation, variable field, collision inte-
gral.

Introduction

The correlation function is a function of time and spatial coordinates that defines the correlation in sys-
tems with random processes. The correlation function is a measure of system ordering. It shows how micro-
scopic variables correlate at different moments in time and in different points on average. Sometimes it is
required to consider the temporal evolution of microscopic variables. In some cases, it is necessary to con-
sider the temporal evolution of microscopic variables, which is why the spatial correlation function is used. It
is important to understand that although in equilibrium some macroscopic variables are not dependent on
time, microscopic variables (for example, the particle velocity vector). Therefore, similar correlation func-
tions, essentially macroscopic quantities, may also depend on time. The correlation function is a measure of
system ordering. It shows how microscopic variables correlate at different moments in time and in different
points on average. The physical meaning of the correlation function of the particle number density is that it
shows the probability density of the relative positions of the particles. The correlation is caused by the pres-
ence of interactions between particles, leading to short-range order. It is known that isolated charged parti-
cles interact with each other according to Coulombs law. However, due to the long-range nature of Coulomb
forces, the interaction between two particles in a plasma is influenced by the presence of other charged parti-
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cles, i.e. correlation effects (collective interactions between particles) play a significant role in plasma. When
describing irreversible processes and constructing the kinetic theory of fluctuations in fully ionized plasma, it
is crucial to account for the correlations between particles. This problem is well described, particularly in
Klimontovich Yu. L papers [1] and in the works of other authors [2, 3]. For example, [4, 5] presents the bina-
ry (pair) correlation function and the corresponding distribution function of plasma particle coordinates and
momenta for a homogeneous and equilibrium plasma, without considering the influence of external fields.
Much attention is paid to the effects of external fields on the kinetic properties of plasma in [14-18]. In
particular, large—scale fluctuations are considered-fluctuations with correlation times of the order or greater
than the free path time and with correlation lengths of the order or greater than the free path length in the
presence of a high-frequency electric field. The effect of the interdependence of the motion of individual
particles is usually described by introducing correlation functions. Temporal correlation functions play a
fundamental role in studying the electrodynamic properties of plasma. Two-particle correlation functions are
considered in [19-21], in particular, three functions of paired correlations in a two-component (electrons and
ions) plasma are calculated in the second order by the plasma parameter. In [22], a system of equations was
obtained for the paired correlation function of phase density fluctuations and the renormalized linear
response function, taking into account linear electromagnetic processes that are quadratic in intensity of
fluctuations. In [23-25], a kinetic theory of a highly ideal plasma in an external field was constructed. The
resulting linearized kinetic equation for the external field and the relations of the theory of linear response
allow us to obtain a closed equation for a single-particle distribution function.

Main part. Experimental

Developing a consistent collision theory in plasma encounters significant difficulties associated with the
slow decrease of Coulomb forces with increasing distance between interacting particles. At any given time,
each charged plasma particle is exposed to a huge number of surrounding particles, and all of these effects
shall be somehow taken into account. Instead of a simple two-body problem, we face the challenging prob-
lem of many-body interactions. In a strict formulation such a problem is hardly solvable. To make a solution
possible, it is necessary to introduce some simplifications. The simplest is the pair collision approximation,
in which the plasma particle interactions are reduced to independent and instantaneous interactions of pairs
of particles. The effect of interdependence of the motion of individual charged particles is typically described
by introducing correlation functions. In this article, expressions for the simultaneous correlation function g,
of particles of components a, b and the two-particle distribution function f, will be obtained by the method
of successive approximations based on the kinetic equation for the space-time spectral density of fluctuations

8N, (6, p,t)dN, (d', p't). 1)

In this case, let's assume that the plasma is weakly inhomogeneous, i.e. all statistical processes occur-

ring in the six-dimensional phase space of coordinates ¢, ', and momenta, are different, p, p’ and it is

subjected to a longitudinally high-frequency and weakly inhomogeneous electric field E = Eo(q,gt)sin o,t

(aswell as B, =0).

Results and Discussion

To statistically describe processes in plasma under the condition & = Vi «1, a closed system of equa-

o,L

tions for the single-particle distribution functions f,, f, and for the functions (SNaSNb)Q , 0., can be used

(where Q=4q,d’, p, p’,t). The higher correlation functions g_, etc. are thus found to be small of order &°.
Therefore, to determine g, , the kinetic equation for function (1) is used, which can be written as [6-10]

A, (8NN, ) =-A, 2)

where
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— = 61:a = afb .
A —eana(éNbBE)q) e (SNaSE)W =2
v, <0,; p=0,,B.P.t: =1 y=d, B,

a

m,,, €, N,, — and respectively mass, charge and concentration; 8E — electric field fluctuation. It
should be noted that equation (2) is written under the condition of weak plasma inhomogeneity. This means

that the functions f,, f,, E, (SNaSNb)Q, (SNaSE) ,(SNbSE) vary little over distance of the Debye radius
v ¢

r, . Itis known that in weakly inhomogeneous plasma, correlations at points ¢ and ¢’ depend on F=q—d’
and

q+d

I, =

perform a decomposition by F% . In the first approximation, we get
q

(SNaSNb)Q = A (N3N, ) (3)
where
ro i ro
-— A=1--—; B=q,F,p,pt.
200G A 200 @r. PP
Substitute (3) into (2), using the Fourier integral transformation of the following functions:
= = ro (oo
SN _8N ——(ON_ON, | .
( a b)Bi (SNaSE)% '(SNbSE)%v 2 aq, ( a b)B
As a result of the calculations, we get [11]:
~ i 0
1-—— ON_6N =-A,, 4
A1), -4 @

where

&zeana(SNbSE) %+ebnb(8Na8E) ?7
) p Vo p

o

—

(pl :qul p 1t ; \Vl :r;vq.l 5lt’ Bo :E’q’ p' p,’t ; Wo ZE’q’ p’t ; (po = lz’q’ p,’t '
where k is the wave vector, with k || SE . We will solve equation (4) by the method of successive approxima-

. 1 . . . .
tions for the range of wave numbers k > T i.e., we represent the general solution of this equation as

_— _— ¢} — 1
(SNaSNb)BO =(8Na6Nb)BD +s(6Na5Nb)Bo . (5)
From (4) and (5), we obtain the following zero and first approximation equations:
A (3NN, ) =-A; (6)
A 1 ~ 0
A, (SNa8Nb)B =G, (N3N, ) )
2
¢~(Az) =
2 )\ okoq
Let's make variable transformations:
p—>C =G (8)
vV, = L (9)
m

And instead of spectral and single-particle distribution functions, we introduce the following new func-
tions:
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0;1

f,(6.C,0t); f(d.Cut): (SNaSE) ,(SNbESE)R,(m) (10)

Let's remind that in (8) — (10) the following notations were used:

n

C =P +eC, G, =B +6C, C,=—Eocosayt
('00
p=k,q,C,,t R=k,q,C,.t n=k,q,C,,C,t

In order to simplify the further calculations and avoid complicating the introduced functions 10) we will
separate the slowly changing parts in each of them, which depend only on the slow variables, by g, Pa, P t

averaging over the period of external field 2_71:, i.e.

™,

F(4.Pt). F(d.F.t), (N,5E) | (8N,3E ), (3N,aN, )
Here
H=k,q,P,,t Y=k,4,P,t X=k,G,P,P,t.
In this case, equations (6) and (7) are written as
C,(3N3N,), =4, (11)

A ———\ 1 i~ ~
C, (3NN, ) == GG, (12)

and the solutions of the initial equation (4), according to (5, 11, 12), can be represented as [12]
(5N,N, ) =(3N,8N,) *+e(3N,5N,) (13)

where

é4=§+v0+(va +V, )= 0 +e,E 2 +ebE£'
ot ot oP, oP,

a b
. oo
C. = ak[@q(SNaN)xj;

A, =eana(8Nb6E) Z'; +ebnb(8N SE)

oF,

Y Pb

In the local equilibrium approximation, the solution of equation (11) is written as

(SNaSNb)XO =—DoTexp(D2 D, )JdF,F,, (14)
0

where

e.en,n, 4mnr, C(oi oo '
0T T, 1k D, =i(KV, ~KV, ~iv, );
: &, ,kE,
D, =-i(A ~A)(sino, (t-7)-sinog); A=

ma,bo‘)o
k, — Boltzmann constant; T, —the plasma temperature. We solve equation (12) under the condition

— 0. Using decomposition

eE=

o,L

exp(—iA,,sino, (t—1)) = i 1, (A )exp(—ine, (t-1));

S
1}
8

L (Aup )exp(imo,t)

M ]

exp(iA, , sin,t) =

>
I
|

8

from (12) we get:
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<(3N,8N,), >=-D, Z ;) =-D, i(nﬁnﬁns), (15)

N=—00

where the symbol < > means averaging over the electric field period E ; Lo (Aa,b) — Bessel functions of
order n and m;

oF, _ ¢ oF _ -
nlzcsa_ébea; n2=C7a_|5:Fafb; N, = GGy
Co=21"(A)L (AL (A):  C=217(A)L(A) (A): Co={l,(A).(A)};
2 2
c,=nu, 2o F iy, LR E
oP,0 oR,0q

fa,b and U,, — respectively, Miller forces and high-frequency quasi-potential [13]. Thus, the aver-
aged solution of the initial equation (4), according to (13), follows from expressions (14, 15), i.e.

(8N 3N,) >=-D, Z (16)
where
D, =G, (C, +F,R,); D,=m,+M,-
Using the integral
(27)° [ (nny) ™ <(8N,3N, ), >exp(i ?) K (17)

—00

we find the averaged two-particle correlation function <g,, (F q,E,,P,,P ,t)> for weakly inhomogeneous

plasma in the presence of an external field E , i.e.

H e,8,
<gab S=———
k Tg n=—ow

where the index “H” means “inhomogeneity” of the plasma and field E = ( ,€ )Sincoot: the field

(D, + D, )exp(-rr, ™), (18)

amplitude EO is a slowly varying function in time t (et) and coordinates ¥ (er). The parameter ¢
characterizing the slowness of the amplitude change satisfies the condition € =(VT l o, )<<1, here V, —

the thermal velocity of electrons; w, — frequency; L — characteristic size of change F,. It should be noted
that expression (18) is obtained under the condition

_ ea,on <
®, 2 rd '

ma,b(’oo

where r, ~(_ <A ~%. From here, L, — the path length of the more movable plasma particles (a or b)

over the period T ; ¢, — free path length; A — wave length. With this approach, we can neglect the de-

pendence of the Bessel function, in expression (17), on the wave vector k . From formula (18), it follows that
for charged particles of the same sign the correlation function is negative, and for particles of different sign is
positive. Moreover, g, is exponentially small when the distance between particles is larger than r,, i.e.

r >r, . Finally, the averaged two-particle distribution functions of coordinates and momenta is determined by
the expression:
Ceenn, < r
<F,'>=FF —222% Z exp(——}. (19)
: r

If there is no external field (E=0) and the plasma is homogeneous and in equilibrium, we obtain the
well-known expression for the functions and from equations (18, 19), where the index “O” denotes “homo-
geneity”.
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Conclusions

Thus, in this article, the problem of the interaction of a high-frequency electric field with a weakly in-
homogeneous plasma is investigated. In particular, the influence of an external alternating field on the kinetic
and high-frequency properties of plasma, such as kinetic equations, correlation functions and distribution
functions of charged particles, is considered. Expressions for the simultaneous two-particle correlation func-
tion and the corresponding distribution function have been derived using the method of successive approxi-
mations. This method separates slow motions and fast oscillations based on the kinetic equation for the spa-
tial-temporal spectral density of fluctuations. The expressions take into account electron-ion collisions and
the influence of a strong inhomogeneous electric field. To obtain these results, the kinetic equation for the
space—time spectral density of fluctuations and the method of successive approximations (separation of slow
movements and fast oscillations) were used. These results may be of interest to researchers working in the
field of Kkinetic theory of plasma and can be applied to the electrons motion theory in high-frequency fields,
fluctuations, nonequilibrium processes, stability of inhomogeneous plasma, and other collective and nonline-
ar phenomena.
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9JICI3 OipTeKCi3 MIa3MaHbIH KOPPEJAIHUSJIBIK (PYyHKIIUATAPbI

Makana 06ipTekci3 IUla3MaHbIH KHHETHKAJBIK TEOPHMACHIHA apHaiFaH. MyHZa JKOFapbl JKHUIIKTI DJIEKTp
opiciHiH onci3 OipTekci3 ITa3MaMeH acepliecyiHe KaTBICTBI Macelle KapacThIpbUFaH. HaxTeipak aiitap
6oJicak, CBIPTKBI alHBIMAIIBI OPIC IUIA3MaHBIH KHHETHKAIBIK JKOHE JKOFaphl )KUUTIKTI KaCHETTepiHe XKaTaThIH
KAHETUKANBIK TCHIEYTe, KOPPEeNSIMSIbIK (DYHKIMAFa >KOHE 3apsATanfaH OeJIIeKTepHiH YJecTipiM
(YyHKUOMACHIHA KAHIIAIBIKTEL JOPEKENE ocep €T aJaThIHABIFBI 3epTTenreH. JKynTelK (€Ki OeIIIeKTiK)
KOpPEISIIMSUTBIK  (QYHKIMS MEH OFaH COWKEC KeNeTiH YJecTipiM (YHKIHMACHIHA apHalFaH OpHEKTEp
HIBIFAPBUIBI, KOpCeTimi. By epHeKTepe m1a3Ma MeH 3JIEeKTp OpiCiHiH KeHICTIKTIK OipTeKCI3ALTIKTEpi KoHe
3apsiaTanFaH OelNIIeKTepIiH COKTHIFBICYNapsl eckepinreH. CoHbIMEH Oipre, artajfaH HOTIDKeNepre Ko
JKETKI3y YIIH (QIyKTyalusiapablH KSHICTIKTi-YaKbITTBIK CIIEKTPIIK THIFBI3BIFbIHA apPHAIFAH KAHETHKAIBIK
TEHJIEY MEH Ti30eKTeCTiK KybIKTaynap (0asy KO3FalbicTap MEH IIammaH TepOerictepai Oeiy) Tocimi
KOJIIaHBUIBI. OpICTiH aMIUIMTYIackl KOOpAMHATANAD JKOHE YaKbIT OoMbIHIIA Oasty e3repmernti QyHKIHS Jer
TaHbUTaABL JKYpri3inren OapiblK ecenTeyiepae 3JIeKTPMAarHUTTIK OPICTiH MarHATTIK KYpayHIBICHIHBIH dcepi
€CKEepUITeH KOK >KOHEe O KaFrmal CBIPTKBI DIIEKTP OPICiHIH OOMIBIK KacHeTiHe Colkec Kenemi. ATanraH
OapIIBIK HOTIDKETIEP TEOPISUIBIK CHITaTTa OOJFAaHABIKTaH OJApAbl JKOFAPBl JKUUTIKTI 3JEKTPMArHUTTIK
epicTepliH ocepiHaeri OipTeKci3 TIa3MaHBIH KWHETHKANBIK TEOPHACHIH jKacay OaphIChIHIA KOJJaHyFa
6onansl. CoHbIMEH Oipre, aubIHFaH HOTIDKENIEpP SJIEKTPOHAAPABIH KOFAphl JKUIUTIKTI ©picTepaeri Ko3Fajbic
TeopusichiHAa, (GIyKTyalusulapaa, Tele-TeHCI3AIK IpolecTepie JKoHe 0acka Ja CBI3BIKTBI  eMec
KYOBLIBICTapIa KOJNJaHbUIa anaasl. KoppensuusiblK GYHKIMS KYHEHIH PETTUTIK eieMi OObIN TaObLIaIbl
JKOHE OJ1 MHKPOCKOINTHIK aHHBIMANBUIAPABIH SPTYPJIi HYKTelneple OpTYpii YakbIT Me3eTTepiHie Kaial
KOpPEJSIIUSUIAaHATEIHEIH KopceTei. 3apaaTapbl aTTac OeJIIeKTep YIIiH KOppensanus (QYHKOUSACH Tepic, ai
3apsIATapEIHBIH TaHOAIaps! 9pTYPIIi OesmexTep yiiH oH MoHI Oomansl. CoHbIMEH Oipre, OeIIeKTepIiH apa-
KalIbIKThIFB! JIeOaiiIblK pajuycTaH yiKeH OOJIFaH jkKariaiaa KOppeISIUSIIBIK (YHKIMS SKCITOHEHTAIIBIK
3aHIBUTBIK OOMBIHIIIA KEMU Oepei.

Kinm ce30ep: XOFapbl >KUUTIKTI KacWeTTep, OIpTEeKci3 IUia3Ma, KHHETHKAIBIK TEHIEY, alHBIMAalbl epic,
COKTBIFBICYJIap HHTETPAJIBL.

T. Komteibaes, M. Annesa

Koppensinuonnbie pyHKuu ¢j1a00 HEOTHOPOAHOM MJIA3MBbI

CraThsl TOCBSIIIEHa KUHETHYECKOH TEOpPHH HEOIHOPOJAHOH IUIa3Mbl. ABTOpaMH HCCIIeNOBaHa mpobiieMa
B3aMMOJICHCTBUSI HJIEKTPUIECKOTO TOJIST BEICOKOH YacTOTHI CO CI1ab0 HEOAHOPOIHOH ma3Moii. B wactHOCTH
pacCMOTPEHO BIHMSHHE BHEIIHETO IIEPEMEHHOTO MOJs Ha KHHETHYECKHe M BBICOKOYACTOTHBIC CBOWCTBA
IUIa3MBl, Takke Kak KHHETHYEeCKHe YpaBHEHWs, KOPPEIMIMOHHbIE (QYHKINH M (YHKIWH pacrpeneleHHs
3apsDKCHHBIX YacThll. I[loiydeHbl BBIPAKCHUS IAapHOH (IByXYaCTUYHOW) KOPPEISILMOHHOH (yHKUMH H
COOTBETCTBYIOIIEH (YHKINH PacIpeneNeHNs], yIUTHIBAIOMNE IPOCTPAHCTBEHHYIO HEOAHOPOIHOCTD ILIA3MBI
U 3JIEKTPUYECKOTO IMOJIA, a TaKXKe CTOJKHOBEHHS 3apsDKEHHBIX YacTHL. J{Is MOMydeHUs! 3THX pe3ynbTaToB
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Correlation functions of weakly inhomogeneous plasma

UCIIOB30BATUCh KUHETHYECKOE YPABHEHHE IJIsI MPOCTPAHCTBEHHO-BPEMEHHOM CIIEKTPAnIbHON IIOTHOCTH
GuryKTyanuii ¥ METOA MOCHEIOBATENbHBIX MPUOIIKEHNH (pa3/ieneHne MEUICHHBIX ABMKCHHH M OBICTPBIX
OCHWULILMKA). AMIUIMTYJa TOJNSA SBISETCAd MEMLICHHO MeHsolelcs (QYHKIHMeH o0 BPEeMEHH M IO
KoopanHaTaM. Bo Bcex BBIYMCICHHAX TIpeHeOperaeTcss BKJIAJ MAarHUTHOH COCTAaBIIIONIEH 3IIEKTPO-
MAarHuTHOIO IOJIS, YTO BIOJHE CIPaBEIIMBO IS IPOAOJIBHOIO IEKTpUUEcKoro nosi. Bee nepednciieHHsle
pe3yabTaThl, HPEICTaBISIONINE, INPEXKIe BCEro, TEOPETHYECKHH HHTEpPec, MOTYT ObITh IPHMEHEHBI IIpH
MOCTPOCHUM KUHETUYECKON TEOpHHM HEOJHOPOIHOM IIa3Mbl, HaXOJALICHCS B 3JIEKTPOMArHUTHBIX IOJISIX
BBICOKOM dYacToTel. Kpome TOro, 3T pe3ynabTaTsl MOTYT OBITh HCIOJIB30BAaHBl B TEOPHUH JBIDKEHUS
3JICKTPOHOB B  BBICOKOYACTOTHBIX MOJAX, (IIyKTyalluil, HEPaBHOBECHBIX IIPOLECCOB, YCTOWYMBOCTU
HEOJHOPOJHOM IUIa3Mbl ¥ B JPYTUX KOJUICKTHBHO-HEIMHEHHBIX sABIeHUAX. KoppensaiuoHHas QyHKIMS SBIS-
eTcsl Mepoi YIopsiIoUeHHOCTH cucTeMbl. OHa MOKa3bIBaeT, KAk MHKPOCKOIIMYECKHE TePEeMEHHbIe KOppeIH-
PYIOT B pa3JIMYHbIE MOMEHTHI BPEMEHH B PA3IMUHBIX TOYKaX B CPeJHEM. 3aMETHM, YTO IS 3apsDKEHHBIX
YacTHI] OJMHAKOBOTO 3HaKa (YHKIWS KOPPEALMH OTpHIaTeNbHa, a T YacTHI[ Pa3HOro 3HaKa —
nonoxkurenbHa. Kpome Toro, KoppemsuonHast QyHKINS SKCIIOHEHITHAIBHO MaJja, KOTJja PacCTOSTHUE MKy
YJacTHIIaMH OoutbIe paanyca Jleoast.

Kniouesvie cnoséa: BBICOKOUACTOTHBIE CBONCTBA, HEOAHOPOJHAs IIIa3Ma, KUHETHUYECKOE YypaBHEHHE,
HepeMEeHHOE M0JIe, HHTETPall CTOIKHOBEHHUH.
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