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Study of the scalar-fermionic model containing linear lagrangian fields of matter 

within the framework of minimal coupling 

In this article, we study a model of the universe with the scalar field and the fermionic field interacting via a 

Yukawa-type potential. In the model, the component contributions of each of the fields are determined to the 

total density and pressure of dark energy. We have considered the solution of the cosmological model for the 

scale factor with two functional time dependences. The Yukawa-type field does not give its input to the gen-

eral pressure. In the power law case, there is a significant contribution to the total increase in pressure, to the 

exponential — the scalar field. There are many cases when the universe makes a transition between succes-

sive epochs in various models of cosmological expansion. These regularities impose some restrictions on the 

profile of the scalar- fermionic field interaction and the general cosmological dynamics. Energy conditions 

were found to check the model under the study. In the studied model, the null energy condition, the strong 

energy condition, the dominant energy condition are fulfilled, and the weak energy condition, which is not 

mandatory, is not fulfilled. It is shown how it is possible to connect the cosmographic parameters — parame-

ters of deceleration q, jerk j and snap s with the power low the scale factor. We investigated these restrictions 

using cosmological solutions with an evolving equation of state, such that a smooth transition between differ-

ent epochs can always occur in the universe. The scalar-fermionic model under study describes the accelerat-

ed modes of expansion of the universe. The obtained solutions correspond to the results predicted by the theo-

ry and observational data. 

Keywords: scalar field, fermionic field, Yukawa-type interaction, minimal coupling, energy condition, the 

cosmography. 

Introduction 

It is known that the universe is expanding with an acceleration, which is confirmed by the observational 

data. One of the simplest candidates for the description of the dark energy, which causes acceleration, is the 

cosmological constant , introduced by Einstein in the theory of GR to describe the static universe. Space-

time with a positive cosmological constant is known as the de Sitter space-time. Therefore, the universe can 

be described by the de Sitter geometry. The fermionic fields in cosmological models can be responsible for 

accelerated periods in the evolution of the universe. In most of these models, the fermionic field plays the 

role of inflation in the early universe and the role of dark energy in the later universe. These fermionic fields 

have been studied using several approaches, the results of which include numerical solutions, exact solutions, 

scenarios from anisotropy to isotropy, and cyclic cosmology [1-3]. The fermionic fields can be combined 

with other components, such as the canonical and non-canonical scalar fields. In particular, inflation and 

dark energy can be modeled in several ways. One subclass of these models considers this component as the 

tachyon field, and this idea goes back to the models of string theory. Compared to the usual canonical the 

scalar field, the resulting physics becomes richer as a whole, due to nonlinear effects. Depending on the ini-

tial conditions and interaction with other sources, these tachyons could contribute to the accelerated period of 
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the later universe and be considered as a contribution of the dark energy. They can be permanent even in the 

early universe, where they can be associated with the inflationary period. In works [4-13] the scalar and fer-

mionic fields were considered responsible both for the inflationary period and for the modern accelerated 

expansion. This effect is recognized as a consequence of the dynamics of the model itself. The exotic nature 

of these components does not contradict the observational data, and an important point of discussion is their 

comparison with the canonical scalar field [14-18]. 

The work is structured as follows: we construct a model through an action, which represents the sum of 

the Lagrangian densities of gravitational, the scalar fields, the fermionic fields and Yukawa-type fields. The 

field equations of Dirac, Einstein, and Klein-Gordon are derived from the variation of the field action [19-

21]. 

The dependence of the scale factor on time reflects the main events in the history of the universe. 

Moreover, it is the deceleration parameter that dictates the rate of the expansion of the Hubble sphere and 

determines the dynamic change in the number of observed galaxies: depending on the sign of the decelera-

tion parameter, this number either increases (in the case of slow expansion), or we remain completely alone 

in space (if the expansion is accelerated). 

When checking fermionic sources as responsible for the accelerated expansion of the universe, different 

regimes appear. In the scenario of the early universe, the fermionic field grows rapidly and the matter is cre-

ated until it begins to dominate and as a result, the initial accelerated expansion slows down. When the uni-

verse enters the domain of matter dominance, then the fermionic field again dominates, which leads to an era 

of accelerated growth rates of the scale factor. In this case, the fermionic field is responsible for inflation in 

the early universe and dark energy for the later universe, without the need for a cosmological study of con-

stant terms or a scalar field. In the later universe, energy again begins to dominate and there is a gradual tran-

sition to dark energy, the so-called fermionic energy period, in which the accelerated regime begins and con-

tinues into the modern era [22-33]. 

Methods 

Let us consider the general action in the form 

𝑆 = ∫ √−𝑔𝑑4𝑥 {
𝑅

2
+

1

2
𝜕𝜇𝜙𝜕𝜇𝜙 − 𝑉1(𝜙) +

𝑖

2
[𝜓̅Γ𝜇𝐷𝜇𝜓 − (𝐷𝜇𝜓̅)Γ𝜇𝜓] − 𝑉2(𝜓̅𝜓) − 𝜆𝜓̅𝜙𝜓}. (1) 

Here the sources of gravity are: the density of the Lagrangian of the scalar field 𝜙 

𝐿𝑏 =
1

2
𝜕𝜇𝜙𝜕𝜇𝜙 − 𝑉1(𝜙),

where 𝑉1(𝜙) is the scalar field self-interaction potential.

The fermionic field with the potential of self-interaction 𝑉2(𝜓̅𝜓)

𝐿𝑓 =
𝑖

2
[𝜓̅Γ𝜇𝐷𝜇𝜓 − (𝐷𝜇𝜓̅)Γ𝜇𝜓] − 𝑉2(𝜓̅𝜓),

where 𝜓 and 𝜓̅ = 𝜓†𝛾0 represent the spinor field and its adjoint, respectively.

The Lagrangian density corresponds to the Yukawa type interaction showing the relationship between 

the scalar and the fermionic fields 

𝐿𝑌 = −𝜆𝜓̅𝜙𝜓,
where 𝜆 is the coupling constant of the Yukawa potential. 

From the variation of the action (1) on the spinor field 𝜓 and its conjugate 𝜓̅ follow the Dirac equations 

𝑖Γ𝜇𝐷𝜇𝜓 −
𝜕𝑉2(𝜓𝜓)

𝜕𝜓
− 𝜆𝜙𝜓 = 0,

𝑖𝐷𝜇𝜓Γ𝜇 +
𝜕𝑉2(𝜓𝜓)

𝜕𝜓
+ 𝜆𝜓𝜙 = 0,
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in addition, variation of action (1) with respect to the scalar field 𝜙 gives the Klein-Gordon equation for the 

scalar field, which has the form 

∇𝜇∇𝜇𝜙 + 𝑉1(𝜙) + 𝜆𝜓̅𝜓 = 0. 

The Einstein equations are obtained by varying the action (1) with respect to the metric tensor 

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 = −𝑇𝜇𝜈 , 

where 𝑇𝜇𝜈 the energy-momentum tensor which is equal to the following expression 

𝑇𝜇𝜈 =
𝑖

4
[𝜓Γ𝜇𝐷𝜈𝜓 − 𝐷𝜇𝜓Γ𝜈𝜓] + 𝜕𝜇𝜙𝜕𝜈𝜙 − 

−𝑔𝜇𝜈 [
1

2
𝜕𝜎𝜙𝜕𝜎𝜙 − 𝑉1(𝜙) − 𝜆𝜓̅𝜙𝜓 +

𝑖

2
(𝜓̅Γ𝜆𝐷𝜆𝜓 − 𝐷𝜆𝜓̅Γ𝜆𝜓) − 𝑉2(𝜓̅𝜓)]. 

 

In order to study the evolution of a homogeneous and isotropic spatially flat universe, we use the 

Friedmann-Robertson-Walker metric 

𝑑𝑠2 = −𝑑𝑡2 + 𝑎(𝑡)2(𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2), (2) 

where 𝑎(𝑡) is the scale factor of the universe. In this metric, the components of the tetrad are given by the 

formula as 𝑒0
𝜇

= 𝛿0
𝜇

 and 𝑒𝑖
𝜇

= 𝛿𝑖
𝜇

/𝑎(𝑡), Dirac matrices and spin connectivity are equal 

Γ0 = 𝛾0, 
 

Γ0 =
1

𝑎(𝑡)
𝛾𝑖 , 

 

Ω0 = 0, 
 

Ω𝑖 =
1

2
𝑎̇(𝑡)𝛾𝑖𝛾0. 

Here, the dot means the time derivative, and in what follows we will use the bilinear function 𝑢 = 𝜓̅𝜓 

and let us introduce the notation 𝑉2𝑢 =
𝑑𝑉2

𝑑𝑢
. Then the Lagrangian of the model under study (1) will take the 

form 

 

𝐿 = −3𝑎𝑎̇2 + 𝑎3 1

2
𝜙̇2 − 𝑎3𝑉1(𝜙) + 𝑎3 𝑖

2
(𝜓̅𝛾0𝜓̇ − 𝜓̇̅𝛾0𝜓) − 𝑎3𝑉2(𝑢) − 𝑎3𝜆𝑢𝜙.                 (3) 

 

From the Euler-Lagrange and energy-momentum tenzor, the complete system of equations of motion 

corresponding to the Lagrangian (3) is 

3𝐻2 = 𝜌,                                                                 (4) 

 

2𝐻̇ + 3𝐻2 = −𝑝,                                                                       (5) 

 

𝜓̇ +
3

2
𝐻𝜓 + 𝑖𝛾0𝑉2𝑢𝜓 + 𝑖𝜆𝛾0𝜓𝜙 = 0,                                              (6) 

 

𝜓̇̅ +
3

2
𝐻𝜓̅ − 𝑖𝛾0𝑉2𝑢𝜓̅ − 𝑖𝜆𝜙𝜓̅𝛾0 = 0,                                               (7) 

 

𝜙̈ + 3𝐻𝜙̇ + 𝑉1𝜙 + 𝜆𝑢 = 0,                                                                (8) 

where 

𝜌 =
𝜙̇2

2
+ 𝑉1(𝜙) + 𝑉2(𝑢) + 𝜆𝑢𝜙,                                             (9) 

 

𝑝 =
𝜙̇2

2
− 𝑉1(𝜙) + 𝑉2𝑢(𝑢) − 𝑉2(𝑢).                                           (10) 

For further calculations, we need an expression that follows from the definition of the bilinear function 

𝑢 and equations (6)-(7), valid for an arbitrary potential 𝑉 

𝑢 =
𝑐

𝑎3
, 



Study of the scalar-fermion model containing linear … 

Серия «Физика». № 2(110)/2023 55 

where 𝑐 is the constant of integration. 

 

Results 

Example 1 

The system of equations (4)-(10) can have the following solution in the form of an exponential function 

of the scale factor and the scalar field 

𝑎 = 𝑎0𝑒𝛼𝑡,                                                                         (11) 

 

𝜙 = 𝜙0𝑒−𝛾𝑡, 
where 𝑎0,𝜙0, 𝛼 and 𝛾 are some constants and 𝛼 > 0, 𝛾 > 0. Then from the Klein-Gordon equation (8) the 

potential of the scalar field 𝑉1 is equal 

𝑉1 = −
1

2
𝜙0

2𝛾2𝑒−2𝛾𝑡 +
3

2
𝛼𝜙0

2𝛾𝑒−2𝛾𝑡 −
𝜆𝜙0𝑐𝛾𝑒−(3𝛼+𝛾)𝑡

𝑎0
3(3𝛼 + 𝛾)

+ 𝑉10, 

where 𝑉10 is the constant of integration. From equations (8) and (9) we find the potential of the fermionic 

field 𝑉2 

𝑉2 = −3𝛼𝜙0𝛾 (
1

2
𝜙0𝑒−2𝛾𝑡 +

𝜆𝑐𝑒−(3𝛼+𝛾)𝑡

𝑎0
3(3𝛼 + 𝛾)

) + 𝑉20. 

The total energy density and pressure of the model under study from the Friedman equations (4) and (5) 

are 

𝜌 = 3𝛼2, 
 

𝑝 = −3𝛼2, 
 

where the conditions 3𝛼2 = 𝑉10 + 𝑉20 are satisfied for the constants. 

The componentwise contributions of each of the fields to the total density (9), respectively, are equal to 

 

𝜌𝑏 =
𝜙̇2

2
+ 𝑉1(𝜙) =

3

2
𝛼𝜙0

2𝛾𝑒−2𝛾𝑡 −
𝜆𝜙0𝛾𝑐𝑒−(3𝛼+𝛾)𝑡

𝑎0
3(3𝛼 + 𝛾)

+ 3𝛼2 − 𝑉20, 

 

𝜌𝑓 = 𝑉2(𝑢) = −3𝛼𝜙0𝛾 (
1

2
𝜙0𝑒−2𝛾𝑡 +

𝜆𝑐𝑒−(3𝛼+𝛾)𝑡

𝑎0
3(3𝛼 + 𝛾)

) + 𝑉20, 

𝜌𝑌 = 𝜆𝑢𝜙 =
𝜆𝑐𝜙0

𝑎0
3 𝑒−(3𝛼+𝛾)𝑡. 

 

 

Figure 1. The energy density 𝜌 and the componentwise contributions of the densities versus time 𝑡, at 𝜙0 = 4, 𝑐 =
2, 𝑎0 = 1, 𝛼 = 1, 𝛾 = 2, 𝜆 = 6, 𝑉20 = 1. 
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Figure 1 shows the scalar field 𝜌𝑏 (solid line), the fermionic field density 𝜌𝑓 (dotted line), Yukawa type 

field density 𝜌𝑌 (dash line), the total dark energy density 𝜌 (dash-dotted line). The figure shows that the 

componentwise contributions of the densities in the early epoch change with time, while the total density of 

dark energy remains constant. 

The componentwise contributions of each of the fields to the total pressure (10) are respectively equal 

to 

𝑝𝑏 =
𝜙̇2

2
− 𝑉1(𝜙) = 𝜙0

2𝛾2𝑒−2𝛾𝑡 −
3

2
𝜙0

2𝛾𝑒−2𝛾𝑡 +
𝜆𝜙0𝛾𝑐𝑒−(3𝛼+𝛾)𝑡

𝑎0
3(3𝛼 + 𝛾)

− 3𝛼2 + 𝑉20, 

𝑝𝑓 = 𝑉2𝑢(𝑢) − 𝑉2(𝑢) − 𝜙0
2𝛾2𝑒−2𝛾𝑡 −

𝜆𝑐𝜙0

𝑎0
3 𝑒−(3𝛼+𝛾)𝑡 + 3𝛼 [

1

2
𝜙0

2𝛾𝑒−2𝛾𝑡 +
𝜆𝜙0𝛾𝑐𝑒−(3𝛼+𝛾)𝑡

𝑎0
3(3𝛼 + 𝛾)

] − 𝑉20. 

 

Figure 2. Total pressure 𝑝 and componentwise contributions of the pressures versus time 𝑡, at 𝜙0 = 4, 𝑐 = 2, 𝑎0 =
1, 𝛼 = 1, 𝛾 = 2, 𝜆 = 6, 𝑉20 = 1. 

Figure 2 shows the scalar field pressure 𝑝𝑠 (solid line), the fermionic field pressure 𝑝𝑓 (dotted line), the 

total pressure 𝑝 (dash line). The Yukawa-type field does not contribute to the total pressure. As seen from 

Figure 2, the scalar field has a greater effect on the total pressure. 

The solution for the fermionic field will be sought in the form 

𝜓𝑘(𝑡) = 𝐴𝑘(𝑡)𝑒𝑖𝐷𝑘(𝑡), 𝑘 = 0,1,2,3,                                                                      (12) 

where 𝐴𝑘(𝑡) and 𝐷𝑘(𝑡) in the arbitrary functions of time. 

Let us substitute the general form of the fermionic field function (12) into the Dirac equation (6), as a 

result we obtain 

𝜓0(𝑡) = 𝐴00𝑒−
3
2

𝛼𝑡exp [𝑖 (
𝜙0

2𝛾2𝑎0
3

𝑐

1

3𝛼 − 2𝛾
𝑒(3𝛼−2𝛾)𝑡 + 𝐷00)], 

 

𝜓1(𝑡) = 𝐴01𝑒−
3
2

𝛼𝑡exp [𝑖 (
𝜙0

2𝛾2𝑎0
3

𝑐

1

3𝛼 − 2𝛾
𝑒(3𝛼−2𝛾)𝑡 + 𝐷01)], 

 

𝜓2(𝑡) = 𝐴02𝑒−
3
2

𝛼𝑡exp [𝑖 (−
𝜙0

2𝛾2𝑎0
3

𝑐

1

3𝛼 − 2𝛾
𝑒(3𝛼−2𝛾)𝑡 + 𝐷02)], 

 

𝜓3(𝑡) = 𝐴03𝑒−
3
2

𝛼𝑡exp [𝑖 (−
𝜙0

2𝛾2𝑎0
3

𝑐

1

3𝛼 − 2𝛾
𝑒(3𝛼−2𝛾)𝑡 + 𝐷03)], 

where  𝐴0𝑘 and 𝐷0𝑘 at 𝑘 = 0,1,2,3 are the integration constants. Conjugated field 𝜓̅ = 𝜓†𝛾0 respectively 

equal to 
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𝜓̅0(𝑡) = 𝐴00𝑒−
3
2

𝛼𝑡exp [−𝑖 (
𝜙0

2𝛾2𝑎0
3

𝑐

1

3𝛼 − 2𝛾
𝑒(3𝛼−2𝛾)𝑡 + 𝐷00)], 

𝜓̅1(𝑡) = 𝐴01𝑒−
3
2

𝛼𝑡exp [−𝑖 (
𝜙0

2𝛾2𝑎0
3

𝑐

1

3𝛼 − 2𝛾
𝑒(3𝛼−2𝛾)𝑡 + 𝐷01)], 

 

𝜓̅2(𝑡) = −𝐴02𝑒−
3
2

𝛼𝑡exp [−𝑖 (−
𝜙0

2𝛾2𝑎0
3

𝑐

1

3𝛼 − 2𝛾
𝑒(3𝛼−2𝛾)𝑡 + 𝐷02)], 

𝜓̅3(𝑡) = −𝐴03𝑒−
3
2

𝛼𝑡exp [−𝑖 (−
𝜙0

2𝛾2𝑎0
3

𝑐

1

3𝛼 − 2𝛾
𝑒(3𝛼−2𝛾)𝑡 + 𝐷03)], 

where the conditions for the constants are satisfied 
𝑐

𝑎0
3 = 𝐴00

2 + 𝐴01
2 − 𝐴02

2 − 𝐴03
2 , the definition of a bilinear 

function that follows from 𝑢 = 𝜓̅𝜓 =
𝑐

𝑎0
3. 

Example 2 

The system of equations (4)-(10) can have the following solution in the form of the power low the scale 

factor and the scalar field 

𝑎 = 𝑎0𝑡𝛼 ,                                                                                    (13) 

 

𝜙 = 𝜙0𝑡𝛾, 
where 𝑎0,𝜙0, 𝛼 and 𝛾 are constants and 𝛼 > 1, 𝛾 < 0. Then from the Klein-Gordon equation (8) the poten-

tial of the scalar field 𝑉1 is 

𝑉1 = −
1

2
𝜙0

2𝛾2𝑡2(𝛾−1) −
3𝛼𝜙0

2𝛾2𝑡2(𝛾−1)

2(𝛾 − 1)
−

𝜆𝜙0𝑐𝛾𝑡(𝛾−3𝛼)

𝑎0
3(𝛾 − 3𝛼)

+ 𝑉10, 

where 𝑉10 is the integration constant. From equations (9) and (10) we find the potential of the fermionic field 

𝑉2 

 

𝑉2 = 3𝛼 (
𝜙0

2𝛾2𝑡2(𝛾−1)

2(𝛾 − 1)
+

𝛼

𝑡2
−

𝜆𝜙0𝑐𝑡𝛾−3𝛼

𝑎0
3(𝛾 − 3𝛼)

) + 𝑉20. 

 

The total energy density and pressure of the model under study from the Friedman equations (4) and (5) 

are 

 

𝜌 =
3𝛼2

𝑡2 ,                                                                              (14) 

 

𝑝 =
𝛼

𝑡2
(2 − 3𝛼), 

where the conditions 𝑉10 + 𝑉20 = 0 are satisfied for the constants. 

The componentwise contributions of each of the fields to the total density (14) are respectively equal to 

𝜌𝑏 =
𝜙̇2

2
+ 𝑉1(𝜙) = −

3𝛼𝜙0
2𝛾𝑡2(𝛾−1)

2(𝛾 − 1)
−

𝜆𝜙0𝛾𝑐𝑡(𝛾−3𝛼)

𝑎0
3(𝛾 − 3𝛼)

+ 𝑉10, 

 

𝜌𝑓 = 𝑉2(𝑢) =
3𝛼𝜙0

2𝛾2𝑡2(𝛾−1)

2(𝛾 − 1)
+

3𝛼2

𝑡2
−

3𝛼𝜆𝜙0𝑐𝑡(𝛾−3𝛼)

𝑎0
3(𝛾 − 3𝛼)

− 𝑉10, 

 

𝜌𝑌 = 𝜆𝑢𝜙 =
𝜆𝑐𝜙0𝑡𝛾−3𝛼

𝑎0
3 . 
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Figure 3. The energy density 𝜌 and the componentwise contributions of the densities versus time 𝑡, at 𝑉10 = 0, 𝜙0 =
1, 𝑐 = 1, 𝑎0 = 2, 𝛼 = 3, 𝛾 = −2, 𝜆 = 0.5, 𝑎0 = 2. 

Figure 3 shows the scalar field density 𝜌𝑏 (dash-dotted line), the fermionic field density 𝜌𝑓 (dotted 

line), Yukawa-type field density 𝜌𝑌 (dash line), the total dark energy density 𝜌 (solid line). 

The componentwise contributions of each of the fields to the total pressure (10) are respectively equal 

to 

 

𝑝𝑏 =
𝜙̇2

2
− 𝑉1(𝜙) = 𝜙0

2𝛾2𝑡2(𝛾−1) +
3𝛼𝜙0

2𝛾2𝑡2(𝛾−1)

2(𝛾 − 1)
−

𝜆𝜙0𝛾𝑐𝑡(𝛾−3𝛼)

𝑎0
3(𝛾 − 3𝛼)

− 𝑉10, 

𝑝𝑓 = 𝑉2𝑢(𝑢) − 𝑉2(𝑢) − 𝜙0
2𝛾2𝑡2(𝛾−1) +

2𝛼

𝑡2
−

𝜆𝜙0𝑡𝛾𝑐

𝑎0
3𝑡3𝛼

−
3𝛼𝜙0

2𝛾2𝑡2(𝛾−1)

2(𝛾 − 1)
−

3𝛼2

𝑡2
+

3𝛼𝜆𝜙0𝑐𝑡(𝛾−3𝛼)

𝑎0
3(𝛾 − 3𝛼)

+ 𝑉10. 

 

 

Figure 4. Total pressure 𝑝 and componentwise contributions of the pressures versus time 𝑡, at  𝑉10 = 0, 𝜙0 = 1, 𝑐 =
1, 𝑎0 = 2, 𝛼 = 2, 𝛾 = −2, 𝜆 = 0.5. 

Figure 4 shows the scalar field pressure 𝑝𝑏 (dash line), the fermionic field pressure 𝑝𝑓 (dotted line), the 

total pressure 𝑝 (solid line). In this case, the fermionic field contributes more to the total pressure. 

The solution for the fermionic field will be sought in the form (12). We substitute the general form of 

the fermionic field function (12) into the Dirac equation (6), as a result, we obtain 
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𝜓0(𝑡) =
𝐴00

𝑡
3
2

𝛼
exp [𝑖 (

𝜙0
2𝛾2𝑎0

3𝑡(3𝛼+2𝛾)

𝑐(3𝛼 + 2𝛾)
−

2𝛼𝑎0
3𝑡3𝛼−1

𝑐(3𝛼 − 1)
+ 𝐷00)], 

 

𝜓1(𝑡) =
𝐴01

𝑡
3
2

𝛼
exp [𝑖 (

𝜙0
2𝛾2𝑎0

3𝑡(3𝛼+2𝛾)

𝑐(3𝛼 + 2𝛾)
−

2𝛼𝑎0
3𝑡3𝛼−1

𝑐(3𝛼 − 1)
+ 𝐷01)], 

 

𝜓2(𝑡) =
𝐴02

𝑡
3
2

𝛼
exp [𝑖 (−

𝜙0
2𝛾2𝑎0

3𝑡(3𝛼+2𝛾)

𝑐(3𝛼 + 2𝛾)
+

2𝛼𝑎0
3𝑡3𝛼−1

𝑐(3𝛼 − 1)
+ 𝐷02)], 

 

𝜓3(𝑡) =
𝐴03

𝑡
3
2

𝛼
exp [𝑖 (−

𝜙0
2𝛾2𝑎0

3𝑡(3𝛼+2𝛾)

𝑐(3𝛼 + 2𝛾)
+

2𝛼𝑎0
3𝑡3𝛼−1

𝑐(3𝛼 − 1)
+ 𝐷03)], 

where 𝐴0𝑘 and 𝐷0𝑘 at 𝑘 = 0,1,2,3 are the integration constants. Conjugated field 𝜓̅ = 𝜓†𝛾0 respectively 

equal to 

 

𝜓̅0(𝑡) =
𝐴00

𝑡
3
2

𝛼
exp [−𝑖 (

𝜙0
2𝛾2𝑎0

3𝑡(3𝛼+2𝛾)

𝑐(3𝛼 + 2𝛾)
−

2𝛼𝑎0
3𝑡3𝛼−1

𝑐(3𝛼 − 1)
+ 𝐷00)], 

 

𝜓̅1(𝑡) =
𝐴01

𝑡
3
2

𝛼
exp [−𝑖 (

𝜙0
2𝛾2𝑎0

3𝑡(3𝛼+2𝛾)

𝑐(3𝛼 + 2𝛾)
−

2𝛼𝑎0
3𝑡3𝛼−1

𝑐(3𝛼 − 1)
+ 𝐷01)], 

 

𝜓̅2(𝑡) = −
𝐴02

𝑡
3
2

𝛼
exp [−𝑖 (−

𝜙0
2𝛾2𝑎0

3𝑡(3𝛼+2𝛾)

𝑐(3𝛼 + 2𝛾)
+

2𝛼𝑎0
3𝑡3𝛼−1

𝑐(3𝛼 − 1)
+ 𝐷02)], 

 

𝜓̅3(𝑡) = −
𝐴03

𝑡
3
2

𝛼
exp [−𝑖 (−

𝜙0
2𝛾2𝑎0

3𝑡(3𝛼+2𝛾)

𝑐(3𝛼 + 2𝛾)
+

2𝛼𝑎0
3𝑡3𝛼−1

𝑐(3𝛼 − 1)
+ 𝐷03)]. 

 

Cosmography 

Cosmography makes it possible to test cosmological models that do not contradict the cosmological 

principle [33]. The components of dark energy introduced by us in the model change the equations of mo-

tion, but they do not affect the relationship between kinematic characteristics. Another approach to finding 

different models of dark energy is to use a pair of state determinants (𝑗,𝑠). It is known that the rate of expan-

sion of the universe can be expressed through the scale factor, and the deceleration parameter 𝑞 corresponds 

to the second derivative of the scale factor. The jerk parameter 𝑗 corresponds to the fourth derivative of the 

scale factor, and the third snap parameter (𝑠). Expansion of the scale factor in a Taylor series in the vicinity 

of the current moment of time 𝑡0 leads to an expression that depends only on the metric (2) and is completely 

independent of the model [34]. 

 

𝑎(𝑡) = 𝑎0 + 𝑎̇(𝑡0) +
1

2!
𝑎̈(𝑡0)(𝑡 − 𝑡0)2 +

1

3!
𝑎(𝑡0)(𝑡 − 𝑡0)3 +

1

4!
𝑎(𝑡0)(𝑡 − 𝑡0)4,                 (15) 

 

where 0 means the current value of the quantity and terms above the fifth order have been omitted. The sign 

of 𝑗 determines the change of the universe’s dynamics, a positive value indicating the occurrence of a transi-

tion time during which the universe modifies its expansion. Moreover, the value of 𝑠 is necessary to discrim-

inate between an evolving dark energy term or a cosmological constant behaviour. 

Let us represent relation (15) in the form 

 
𝑎(𝑡)

𝑎(𝑡0)
= 1 + 𝐻0(𝑡 − 𝑡0) −

𝑞0

2
𝐻0

2(𝑡 − 𝑡0)2+. .., 

where deceleration parameter 
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𝑞(𝑡) = −
𝑎̈(𝑡)𝑎(𝑡)

𝑎̇2(𝑡)
= −

ӓ(𝑡)

а(𝑡)

1

𝐻2(𝑡)
, 

 

where 𝑎 is the scale factor of the universe, and the dots denote derivatives with respect to proper time. The 

expansion of the universe is considered to be accelerated if ӓ > 0, in which case the deceleration parameter 

will be negative. 

For the most complete description of the kinematics of the cosmological expansion, it is useful to con-

sider the expanded set of parameters. The function in terms of derivatives of the scale factor and their value 

at the power low the scale factor (13) is equal to: 

Hubble parameter 

𝐻(𝑡) =
1

𝑎

𝑑𝑎

𝑑𝑡
=

𝛼

𝑡
, 

Deceleration parameter 

𝑞(𝑡) = −
1

𝑎

𝑑2𝑎

𝑑𝑡2
(

1

𝑎

𝑑𝑎

𝑑𝑡
)

−2

= −1 +
1

𝛼
, 

Jerk parameter 

𝑗(𝑡) =
1

𝑎

𝑑3𝑎

𝑑𝑡3
(

1

𝑎

𝑑𝑎

𝑑𝑡
)

−3

= 1 −
3

𝛼
+

2

𝛼2
, 

Snap parameter 

𝑠(𝑡) =
1

𝑎

𝑑4𝑎

𝑑𝑡4
(

1

𝑎

𝑑𝑎

𝑑𝑡
)

−4

= 1 −
6

𝛼
+

11

𝛼2
−

6

𝛼3
. 

The parameters of deceleration, jerk and snap are dimensionless. These parameters are used to study the 

dynamics of the later universe. The physical properties of the coefficients can be deduced in the form of the 

Hubble expansion. In particular, the sign of the parameter 𝑞 indicates whether the Universe is accelerating or 

decelerating. The positive sign 𝑗 defines a change in dynamics, indicating the emergence of a transitional 

time during which the universe modifies its expansion [35]. The meaning 𝑠 is necessary to distinguish the 

evolutionary term of dark energy or the behavior of the cosmological constant. Using them, you can rewrite 

expression (15) as 

 

𝑎(𝑡) = 𝑎0 [1 + 𝐻0(𝑡 − 𝑡0) −
1

2!
𝑞0𝐻0

2(𝑡 − 𝑡0)2 +
1

3!
𝑗0𝐻0

3(𝑡 − 𝑡0)3 +
1

4!
𝑠0𝐻0

4(𝑡 − 𝑡0)4]. 

 

Accelerated growth of the scale factor occurs at 𝑞 < 0. Accelerated increase in the speed of expansion, 

𝐻 > 0, corresponds to 𝑞 < −1. 

Energy conditions 

In the GR theory and modified theories of gravity, the distribution of mass, the momentum and the an-

gular momentum must have values for any field described by the energy-momentum tensor or the matter ten-

sor. However, Einstein's field equation does not impose restrictions on the types of states of matter or non-

gravitational regions allowed in the space-time model. This is a strong point, since general relativity should 

be as independent as possible from any assumptions of non-gravitational physics. The weak point is that Ein-

stein's equation allows for solutions based on properties that most cosmologists regard as non-physical, i.e. 

too unusual to correspond to anything in the real universe. The energy conditions are such criteria. They de-

scribe properties characteristic of all states of matter and all non-gravitational regions studied in physics. 

Many non-physical solutions of Einstein's equations can be excluded with the help of energy conditions. In 

cosmology, these four energy conditions are of great importance. 

 Null Energy Condition (NEC) 

 

𝜌 + 𝑝 ≥ 0. 
 

Weak Energy Condition (WEC) 

𝜌 ≥ 0, 𝜌 + 𝑝 ≥ 0. 
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Strong Energy Condition (SEC) 

𝜌 + 3𝑝 ≥ 0, 𝜌 + 𝑝 ≥ 0. 
 

Dominant Energy Condition (DEC) 

𝜌 ≥ 0, −𝜌 ≤ 𝑝 ≤ 𝜌. 
 

For our model (13) the energy conditions will take the following form 

NEC 
2𝛼

𝑡2 ≥ 0. 

 

WEC 

3𝛼2

𝑡2
≥ 0,   

2𝛼

𝑡2
≥ 0. 

SEC 
6𝛼

𝑡2
(1 − 𝛼) ≥ 0,      

2𝛼

𝑡2
≥ 0. 

DEC 

3𝛼2

𝑡2
≥ 0, −

3𝛼2

𝑡2
≤

(2 − 3𝛼)𝛼

𝑡2
≤

3𝛼2

𝑡2
. 

 

 
(a) Null energy Condition (5) (b) Strong energy Condition (5) 

 

(c) Weak energy Condition (5) (d) Dominant energy Condition (5) 

Figure 5. Energy Condition 
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NEC is shown in Figure 5(a) (𝜌 + 𝑝 is a solid line). WEC is shown in Figure 5(b) (𝜌 — solid line, 𝜌 +
𝑝 — dotted line). SEC is shown in Figure 5(с) (𝜌 + 3𝑝 — dotted line, 𝜌 + 𝑝 — solid line). DEC is shown in 

Figure 5(d) (𝜌 — dashed line, 𝜌 — solid line, 𝑝 — dotted line). These conditions impose simple and model-

independent constraints on the behavior of energy density and pressure. For our model, a null energy condi-

tion, a strong energy condition, a dominant energy condition, and a weak energy condition, which is not 

mandatory, are fulfilled. 

Conclusion 

In this work, we analyzed a cosmological model with two components, the scalar field and the fermion-

ic field, interacting through a Yukawa-type potential. Cosmological solutions are obtained analytically for a 

given value of the exponential and power scale factor. We investigate a particular solution in which it was 

found that the Yukawa-type potential affects the density but does not contribute to the total pressure. These 

limitations were studied using cosmological solutions with evolving equations of state, such that a smooth 

transition between different epochs can always occur in the universe. We also considered some scalar-

fermionic model that can describe a single of dark energy — dark matter. To describe the kinematics of the 

cosmological expansion, we found a wide set of parameters a small power scaling factor: the deceleration 

parameter 𝑞, the jerk parameter 𝑗, and the snap parameter 𝑠. 
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П.Ю. Цыба, Г.С. Алтаева, О.В. Разина  

Минималды өзара әсерлесуін қамтитын материя өрістерінің сызықты 

лагранжиандары бар скалярлық-фермиондық модельді зерттеу 

Мақалада Юкава типті потенциал арқылы әрекеттесетін скалярлық және фермиондық өрістері бар 

Әлемнің моделі зерттелген. Зерттелетін модельде қараңғы энергияның жалпы тығыздығы мен қысы-

мына өрістердің әрқайсысының құрамдас бөлігі бойынша үлестері анықталған. Космологиялық мо-

дель есептерін шешуде функционалды уақытқа тәуелді екі шешімі бар масштабты фактор қарасты-

рылған. Юкава типті өріс жалпы қысымға өз үлесін қоспайды. Дәрежелік жағдайда фермиондық өріс, 

ал экспоненциалды — скалярлық өрісте толық қысымға көбірек үлес қосады. Көп жағдайларда, кос-

мологиялық ұлғаюдың әртүрлі модельдерінде Әлем кезекті дәуірлер арасында ауысуды жүзеге асыра-

ды. Бұл заңдылықтар скалярлық және фермиондық өріс әсерлесу профиліне және жалпы космология-

лық динамикаға белгілі бір шектеулер қояды. Зерттелетін модельді тексеру үшін энергетикалық жағ-

дай анықталды. Зерттелетін модельде нөлдік энергетикалық жағдай, күшті энергетикалық жағдай, үс-

темдік энергетикалық жағдай орындалады және міндетті емес әлсіз энергетикалық жағдай орындал-

майды. Космографиялық параметрлердің — 𝑞 баяулату параметрі, 𝑗 серпілу параметрі және 𝑠 басу 

параметрлерінің дәрежелік масштабты факторының мәнімен қалай байланыстыруға болатындығы 

көрсетілген. Бұл шектеулер космологиялық шешімдерді қолдана отырып, эволюционалдық күй теңде-

уімен зерттелді, осылайша Әлемде әр түрлі дәуірлер арасында бірқалыпты ауысу болуы мүмкін. Зерт-
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теліп отырған скалярлық-фермиондық модельдер Әлемнің үдемелі ұлғаю режимдерін сипаттайды. 

Алынған нәтиже бойынша шешімдер, бақылау деректер нәтижелерімен теориясына болжау сәйкес ке-

леді. 

Кілт сөздер: скалярлы өріс, фермиондық өріс, Юкава типті әсерлесу, минималды әсерлесу, энергети-

калық жағдай, космография. 

 

П.Ю. Цыба, Г.С. Алтаева, О.В. Разина 

Исследование скалярно-фермионной модели, содержащей линейные 

лагранжианы полей материи, в рамках минимального взаимодействия 

В статье исследована модель Вселенной со скалярными и фермионными полями, взаимодействующи-

ми через потенциал типа Юкавы. В данной модели определены покомпонентные вклады каждого из 

полей в полную плотность и давление темной энергии. Рассмотрено решение космологической моде-

ли для масштабного фактора с двумя функциональными зависимостями от времени. Поле типа Юкавы 

не дает своего вклада в общее давление. В степенном случае больший вклад в полное давление осу-

ществляет фермионное поле, в экспоненциальном — скалярное. Существует множество случаев, ко-

гда Вселенная совершает переход между последующими эпохами в различных моделях космологиче-

ского расширения. Эти закономерности накладывают некоторые ограничения на профиль скалярно-

фермионного взаимодействия и на общую космологическую динамику. Для проверки исследуемой 

модели найдены энергетические условия. В указанной модели выполняется нулевое энергетическое 

условие, сильное энергетическое условие, доминирующее энергетическое условие и не осуществляет-

ся слабое энергетическое условие, которое необязательное. Показано, как можно связать космографи-

ческие параметры — параметры замедления 𝑞, рывка 𝑗 и щелчка 𝑠 со степенным значением масштаб-

ного фактора. Авторами исследованы ограничения, с использованием космологических решений с 

эволюционирующим уравнением состояния, таким, что во Вселенной всегда может произойти плав-

ный переход между разными эпохами. В исследуемой скалярно-фермионной модели описаны уско-

ренные режимы расширения Вселенной. Полученные решения соответствуют результатам, предска-

занным теорией. 

Ключевые слова: скалярное поле, фермионное поле, взаимодействие типа Юкавы, минимальное взаи-

модействие, энергетические условия, космография. 
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