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On the issue of a new solution of the materials resistance contact problem
on compression of elastic cylinders in contact with parallel generators

As a result of logarithmic singularity in the plane classical problem of elastically deformable material me-
chanics, it is proved that the reference formula for determining the convergence of two statically compressed
parallel cylinders made of a homogeneous, isotropic, and physically linear material is not applicable. In the
special case of elastic interaction of a cylinder with a half-plane, it is established that the convergence be-
comes equal to infinity. This paradoxical result confirms the inadequacy of Flaman’s model of a simple radial
stress state in determining displacements. Based on this model, it is possible to determine only the stresses in
parallel contacting cylinders, while the calculation of displacements, in this case, is not possible. Based on a
previously developed and mathematically approximated by the authors flat design scheme of Flaman the al-
gorithm exception of conflicts has been proposed. The algorithm is based on the integral Fredholm equation
solution and can be seen as a new fundamental and applied elasticity theory problem, which is of great im-
portance when assessing the contact of refined strength and stiffness of the cylindrical parts of the supporting
structures subject to the general and local deformations (cylindrical rollers, gears, pavements with their seal
steel rollers, etc.).

Keywords: displacement, convergence, cylinder, stress, force, load, compression, contact pressure, half-plane,
uniformity, isotropy, elasticity.

In various branches of modern mechanical engineering and construction, supporting structural elements
in the form of cylindrical caps that interact in contact over a surface of finite dimensions are widely used.
Typical examples of such parts are plain and rolling bearings; supporting parts of bridges, overpasses and
sluice gates; wheels of railway rolling stock, etc. [1-5].

The well-known structurally nonlinear [6-9] theory of small elastic contact deformations of two physi-
cally linear, isotropic, and homogeneous circular cylinders is based on the following assumptions (Figure 1)
[1-3, 10, 11]:

1) theradii R4, R, of cylindrical bodies are large in comparison with the size 2a of the contact area, i.e.,

R, > 2a, R, > 2a, 1)

where a is half the width of the pressure band;
2) the cylinders have strictly parallel longitudinal axes 04, O, and length [ >> 2a and their initial contact
occurs along a straight line which is called the generatrix when the distance between arbitrary points

A1, A, before deformation is expressed by the formulas given in Figure 2 [1, 3, 10-12];
3) within the limits of assumption (1), the contact area can be considered as part of the plane tangent to the
guide (circle) of non-deformable cylinders;
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4) there is no friction between touching surfaces that are supposed to be absolutely smooth.

5) the contacting elements are pressed against each other by two equal in magnitude and oppositely directed
external forces-resultant Q, distributed over a given length [ of the cylinders in the form of a constant
static load

P = % = const )

Figure 1. Design schemes of contacting elstic cylinders with radii R; and R;:
. <
a) the basic model of length I, where: R1>R2;
b) For roller cylindrical rolling bearings at R, > R, [1, 18]

if the equilibrium condition is met [11, 13-21]
a
l-fq(y)dy=P-l=Q, 3)

—-a

where g = q(y) is the reactive boundary voltage approximated by the Hertz elliptic function [11, 12, 14-17,
20-24]

, —aKkyKa, 4
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having an extreme value [1, 11-16, 20-22, 23, 25]
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Figure 2. Geometry of the contact of two elasticall desormable bodies-cylinders:
. . . . . <
a) to modeling the external interaction according to Fig. 1a (R1>R2);

b) for contacting a cylinder of radius R, with a cylindrical cavity having a radial size R, > R,
Figure 1b

If the cylinders are made of materials that have elastic modulus E;, E,, Poisson’s ratios p;, U,
then the formulas for a, g, and the total kinematic displacement & (convergence of the axes 04, 0,) have
the following form [1, 2, 11, 25]:

. 42 )
=2 Q ) R "R, _ 1 .“1+1 125 ’ (6)
m-l (Ry£Ry) E; E,
-1
_ | @ RifRy) (1-pf 1-43 )
9= 171 "R, 'R, E, E, ’
2:Q [1—u?2 / 2-R 1—-u2 / 2-R
5=29. “1-(ln 1+0,407>+ “2-(ln 2+0,407); (8)
-l E; a E, a

where the "+" sign refers to the main calculation scheme shown in Figures 1, 2, and “-* corresponds to the
model of Figure 1b.

Relations (6)—(8) are used to quantify the load-bearing capacity of cylindrical systems in Figure 1. From
a practical point of view, these are design calculations for the contact strength and stiffness of friction and
gear gears, roller parts of bridge supports, and other critical elements of engineering structures.
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At the same time, it should be noted that the definition of the displacement § at Eq.(8) has significant
mechanical-mathematical incorrectness [2, 10], as in the classic problem of Flaman [1, 10, 12-17, 22, 27, 28]
on the effects of concentrated and distributed force P = const (Figure 1) on an elastic isotropic half-
plane lying in the basis of the Eqg. (8). In Eq. (8) the displacement is calculated relative to a fairly remote
from the contact point. Its position is unknown arbitrary. In Eq. (8) as of such points taken the centers of cur-
vature of 0; and O, (Figures 1, 2) in the hypothetical assumption that the parameter § is determined only by
the total deformations of cylinders [2], excluding contact components, which according to [29], can represent
a significant percentage (30 to 90%) in the overall balance of the elastic displacements of the contacting
parts.

The indicated uncertainty (multivariance) in choosing the coordinate of a fixed point when determining
displacements directed perpendicular to the boundary of the half-plane is a consequence of the general loga-
rithmic feature of Flaman’s physical and mathematical model [10, 12, 20, 22]. In this relation, Galin [10]
states that, based on the Flaman solution, it is possible to determine only the stresses in parallel-located con-
tacting cylinders, and the calculation of displacements, in this case, is not possible. Thus, it can be stated that
the estimation of contact stiffness by formula (8) will not adequately characterize the deformed state of the
cylinders. Another negative consequence of the presence of the logarithm (n in Eq. (8) is manifested in its
special case when one of the radii, for example

In this case, we will have a common engineering problem in design calculations about the contact of a
compressible cylinder with an elastically deformable half-plane (Figure 3) [1-5].

Figure 3. Model of pressure of a cylinder of radius R and length 1 on a linearly elastic half-plane

Considering the condition (9) and the equality R, = R, we obtain the final value for linear size a under
Eqg. (6):

a=2

. _ 42 _ 42
Q R_<1 o 1 uz>_ (10)
T[l El E2

Substituting Eq. (10) in Eq. (8) for R, = oo, according to Eqg. (9), leads to the paradoxical answer

)

which contradicts the physical meaning of the contact problem under consideration and confirms the unac-
ceptability of the Flaman mathematical model in determining the displacements & [10, 21].

28 BecTHuk KaparaHguHckoro yHnsepcuteTta



On the issue of a new solution...

The incorrect result (11) also does not correspond to the basic fundamental axisymmetric problem of
Boussinesca [18, 20-22, 23, 24, 28] on a concentrated force directed perpendicular to an elastic half-space,
in which there are no contradictions mentioned above.

Based on the classical interpretation of plane linear-elastic deformation [2, 11-15, 19, 21-23] and the
refined innovative solution of the Flaman problem [30], which includes three stresses (compared to one radi-
al component [12, 13]) and parameter a, in the work [30] a fundamentally new formula for calculation of
displacement

2-P-(1—u2).<a>2

b=V W=~ (12)

of a boundary of the half-plane in the unlimited range
—00 <y < oo, (13)

of variable change has been obtained.
In contrast to the incorrect logarithmic dependence [11-14, 21, 22, 24]
o) 2:P-(1—p?) l li

Vg =7V = ln—, 14
af ar\Y T-FE ly| (14)

containing the distance to an arbitrary point K (Figure 3) and approximating only the relative value of dis-
placements v+ over a closed interval

_lk < y < lk' (15)
in the formula (12) derived in [30] allows us to determine the absolute precipitation of the boundary x = 0

of the half-plane without reference to the parameter [;, over a theoretically infinite interval (13).
The behavior of functions (12) and (14) is illustrated in dimensionless forms

i} mE 2 [a\?
Vg()’) = Vg()’) m = 3 ) (;) ) (16)
n-E l
Vgr(¥) = vgr(y) - 2 lnly_kl (17)

in Figure 4, using data of Table.

Table
Values of functional relations (16), (17), when [}, = 6a.
y 0 ta t2a t4a t6a +8a +10a too
Vg 0 0,6667 0,1667 0,0416 | 0,0186 0,0104 0,0066 0
Vgr 00 3,5836 2,1972 0,8110 0 —0,5751 | —1,0216 —0o0

Cepus «dusukay. Ne 3(107)/2022 29



T. Brim, B. Abdeyev et al.

\\\ P
~1,0216 T+ a
0 y
f—— +
— 0,0066
0,6667
Vg

Axis of symmetry

X

Figure 4. General view of changes in functional dependencies vg, v;f:
V4 (y) is asolid curve according to the new formula (16) [30];
Vg7 () is a dashed line according to Flaman's solution (17) [12-14, 21, 22, 24]

A mechanical system in which a local uniformly distributed stationary force P acts on an elastic iso-
tropic medium (Figures 1, 3) should be considered as an abstract system that does not reflect the actual pos-
sible conditions. However, using the formally idealized mathematical solution (12), we proceed to a real
simulation of the reactive load g = g(y) that occurs between contacting elastically deformable bodies Fig-
ure 1). Therefore, by analogy with the developed theory of calculating the sediment of a belt foundation [30]
and guided by [11, 15-17, 21-24, 31-33], to answer this question, we present the following Fredholm equa-
tion of the first kind [13, 16, 20-22, 31, 32] with an unknown function g (y) under the sign of a certain inte-
gral:

— 18
R, " Ry (18)

2- _s
3'71- E1 E2 N

a’ 1—M%+1—M% [ q(y) - dy 1 (1 1) 2
(t—y)? 2 '
—-a

where g = q(v), q,, a, § are the desired physical and geometric characteristics of the interaction pro cess of
two round cylindrical elements, while meeting the obvious requirements

—a<y<a, q(£a)=0, q(0)=gq,=max (19)

and condition (3) is met;
t is an auxiliary variable that varies within —a < t < a and represents the horizontal coordinate of ar-
bitrary points A4, A, whose mutual vertical displacement depends on the elementary load (Figures 2, 5).

dP = q(y) - dy (20)
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equal to (see (12) and (18))

2-a2_<1—u%+1—u§>.q(y)-dy

dvg = dvg, +dvg, = — =72 (21)

Ey E,

where is the sign "-" for the model
of cylinder pressure
on a concave cylindrical surface
(Figures 1b, 2b)

Figure.5. Basic scheme of contact interaction of cylinders (Figure 1a)
to the interpretation of the integral equation (18)

As noted by the authors of [30], in comparison with the absolutely idealized original (12), in which the
directions of force P and displacement v, > 0 coincide (Figure 4), in formulas (18), (21) the “minus” sign
indicates the opposite effect of the contact pressure g(y) and the kinematic components Vg1, Vgz Within
each cylinder (Figures 1, 5).

Analysis of the conducted theoretical studies allows us to draw the following CONCLUSIONS:

1. The impossibility [10, 11, 21] of using the reference dependency (8) [1, 2, 25] for calculation of the
convergence & of cylinders (Figures 1, 3) due to the logarithmic feature noted in well-known fundamental
mechanical and mathematical works [10, 14, 21] is confirmed and proved.

2. For the same reason (see point 1), the use of the basic Flaman model [11-16, 21-25, 28] for solving
any plane problems of the elasticity theory is proved incorrect (Figure 4), related to the evaluation of contact
stiffness [29] of cylindrical parts of load-bearing structures that are in parallel contact.

3. To completely eliminate the considered contradictions, a linear integral equation (18), which makes it
possible to determine the reaction pressure function q(y) and its extremum q, = max; the half-width a of
the contact site and the total mutual displacement & of points 04, O, (Figures 1, 5) is formulated.
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T. bpum, b. A6nees, I'. Mycnumanosa, C. baiirepees, I'. baiizakoBa

IMapananens xacaymbliapMeH KaHACATHIH
cepmiMai HUIMHAPJIEPAIH CHIFBLIYHI TYPAJIbl MaTePAAAPAbIH
Kejeprici 0ail1anbic ece0iHiH KaHA MIeIiMi cyparbIHa

Ceprimai aedopManusiaHaTeiH KAaTThl JICHEHIH MEXaHHWKAHBIH KIACCHKAJBIK eceOiHIH jKa3bIKTaFbl Oenriii
Jorapu@MIiK epeKmenirine 0alaaHbICTHl OIPTEKTi, M30TPONTHI KOHE (H3HKAJIBIK CBHI3BIKTHI MaTepHaIlaH
JKACalFaH CTATUKAJbIK CHIFBUIFAH €Ki Iapaulesib LMIMHAPAIH OJKAaKbIHAAYbIH aHBIKTayFa apHaJIFaH
aHBIKTaMaNBIK (OpMyJIaHBIH KOJJAHBUIMAHTHIHIBIFEI OCBHI XYMbICTa JoneineHmi. LlummHapain sxapTeiiait
JKa3bIKTBIK ITEH CEpIMIl aceplIecyiHiH epeKIle jKarAaiblHaa, PaanyCTapAblH OipeyiHiH Y3BIHABIFBI IIEKCi3
OoyraH  JKarmalblHIA, OKaKBIHIAYABIH IIEKCI3miKKe TeH OOJaTHIHBIFBl aHBIKTaNFaH. JKaKbIHIaybIH
IIEKCI3/IiKKe TeH OOJFaH MapaJgoKCcaIAbl HOTIDKECI MaKasla/ia 3epTTENil OTBIPFaH IPOIEeCTiH (HU3NKaJIbIK XKaHe
MEXaHUKAaJIBIK MaFbIHACBIHA KAapChl KeJeli, COHBIMEH KaTap bIFbICYJAp/bl aHBIKTay/a KapanaiblM paJuallibl
KepHey KyHiHiH ®iaamaH MoneniHiH CoHKecCi3HiriH pacTtaidapl. By Mozenbre Herizzmelninm, TeK Hapauieib
JKaHAcaThlH LIIMHIPJIEpPAEri KepHeylepAl aHbplKTayra Oonanmsl, Oyl »KaFjaiiia OpBIH AayBICTHIpYJIapAbl
ecentey MyMKiH emec. Ocbl MaKaJaHBIH aBTOPJapbl OYPBIH 93ipiIereH jXoHe MAaTeMAaTHKaJbIK *KYbIKTAHTBIH,
YII KepHey Kypampaac Geiri MeH MWIMHAPIIH XKaHacy aiiMarblHBIH €HiH eckepeTiH xammak diamaH ecenrtey
cXeMachl HeTi3iHJe, IelIyre Heri3qeireH KallIbUIBIKTap bl KO0 alTOPUTMIH YCHIHFaH, SIFHU OipiHIN TEKTi
OpearonabM HHTErPATIBIK TEHIEY1, 9pi Kapai cepniMIIiK TeOPHSCHIHBIH JKaHa ipreli—Kosmanbaisl Maceseci
peTiHge KapacThIPBUTYbl MYMKIH, KaIIIBl JKOHE JKEPriIKTi JedopManusiapasl ecKepe OTHIPBHII, OJI JKYK
KOTEprill KYPBUIBIMIAPABIH IHIMHAPIIK OeNIKTEpiHiH >XaHacy OEpIKTIFiH XOHE KATTBUIBIFBIH HAKTHI
Oaranayza YJIKEH MaHbI3Fa Ue (UWIMHAPIIK POJHMKTEP, TiCTI JOHFalIaKTap, 00JaT OUTIKTEpMEH THIFBI3AalFaH
Ke3JIeT1 JKOJ TeceMepi KoHE T.0.).

Kinm ce30ep: XBUDKBITY, KaKblHIAy, LWIMHID, KEpHEY, KYII, >XYKTEME, CBIFbULY, JKAaHAcCy KbICHIMBI,
JKapThUIAil XKa3BIKTHIK, O1pTEKTLTIK, H30TPOIHS, CEPIIMILTIK.

T. bpum, b. AGznees, I'. MycnumanoBa, C. baiirepees, I'. baiizakoBa

K Bonpocy HOBOro penieHusi KOHTAKTHOM 3a1a4M CONPOTUBJIEHUSA
MATepPHAaIOB O CXKATUM YNPYTUX HUJIMHIAPOB,
CONPHUKACAKIIMXCH ¢ NAPALIeIbHBIMHA 00pa3yl0IIUMH

Bcenencreue n3BecTHO# orapumMuueckoit 0COOCHHOCTH B IUIOCKOH KJIACCHUYECKOH 3a/ja4e MEXaHUKH YIpY-
roieopMHUPyEeMOro TBEPIOTO Tejla JoKa3aHa HENMPUMEHHMOCTh CIIPABOYHOW (hOPMYIIBI A OIpE/IeNIeHUs
CONMKEHNUsT IByX CTATUUECKU CXKATBIX MapauleNbHBIX HMIHHAPOB U3 OZHOPOIHOTO, U30TPOIHOTO U (H3nye-
CKH JIMHEHHOTO MaTepuana. B 4acTHOM cirydae ympyroro B3aMMOJESHCTBHUS HWJIMHAPA C MOTYIIOCKOCTBHIO,
KOT/Ia OJJMH U3 PaJNyCOB UMeET OECKOHEUHYIO JUIMHY, YCTAHOBIICHO, YTO M CONMMKEHNE CTAHOBHTCS PaBHBIM
OECKOHEYHOCTH. ODTOT MApaAOKCAIBHBIA pE3ylbTaT IPOTHBOPEUNT HE TOIBKO (DU3UKO-MEXaHHIECKOMY
CMBICITy HCCIIEyeMOT0 TIpoIiecca, HO U MOATBEPKAAeT HeaJeKBaTHOCTh Mojenu dnamaHa 0 MpocTOM pamu-
AJIbHOM HalpsDKEHHOM COCTOSIHUH IIPU OIIpejesieHuH nepeMelieHnid. OCHOBBIBAsICh Ha 9TOI MOAEIH, MOXKHO
OIpeNeNATh TONBKO HaNpsDKEHHs B MapajjielIbHO PACIONI0KEHHBIX KOHTAKTUPYIOUIMX IMINHIpPAaX, B TO Bpe-
Ms KaK pacyeT MepeMeIleHHH B 3TOM cilydae He MpecTaBiseTcs BO3MOXHBbIM. Ha ocHoBe panee paspao-
TaHHOM M MaTeMaTH4YecKU allMpOKCHUMHPOBAHHOM aBTOpPAMHU JAHHOW CTaTbU IUIOCKOW pPacueTHOW CXeMbI
®drnamaHa, yIUTHIBAIOIIEH TPH KOMIOHEHTHI HAINPSDKEHWH M pa3Mep IMUPHHBI IDIOMAKH KOHTAKTa IHINH/-
POB, TIPEIOKEH AITOPUTM HCKIFOUSHUS IPOTUBOPEUNH, 6a3npyIOMUICS Ha PEIICHHH HHTETPAIbHOTO ypaB-
HeHus OpearoasMa MepBoOro pojia, IT0 MOXKET OBITH PACCMOTPEHO B TANTbHEHIIIEM Kak HOBast (pyHIaMeHTaIb-
HO-TIPHKIJIA/IHAS 33/1a9a TEOPHUH YIIPYTOCTH, NMEIOIast OONIIOe 3HAYEeHHE TP YTOYHEHHOH OIeHKe KOHTAKT-
HOH NMPOYHOCTH M XKECTKOCTH LIMIMHIPUYECKUX AETalleil HeCyIUuX KOHCTPYKLMH C y4eToM OOIIUX U MeCT-
HbIX nedopmarmii (IUIMHAPUYECKUX KaTKOB, 3yOUaThIX mepenad, JOPOXHBIX MOKPHITHH P UX YIUIOTHEHHU
CTaJbHBIMU BaJbLIaMH U T.1.).

Kmoueswvie cnosa: NEPEMELICHUE, C6J'lI/I)KeHI/Ie, HWINHAP, HAOPSOKEHUE, CUJIa, Harpy3kKa, Co)kaTue, KOHTaKTHOE
JaBJICHUEC, IMMOJYIIIIOCKOCTh, OTHOPOAHOCTDH, U30TPOITHOCTD, YIIPYT'OCTh.
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