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Development of the algorithm for calculating the optimal molding
modes of the BeO slurry using various rheological models

This paper presents the results of calculating a mathematical model of the flow and heat transfer of thermo-
plastic beryllium oxide in a round channel of a molding installation. An algorithm for calculating the system
of equations based on the Herschel-Bulkley rheological model has been developed. The finite-difference ana-
logue of the equations system of motion, continuity, and energy is solved numerically using the Crank-
Nicholson difference scheme. The three-parameter equation is used to test the consistency of experimental,
data, and how adequately the physical features of the non-isothermal flow of the slurry convey comparing to
the Shvedov-Bingham model. The calculation results illustrate that the proposed model reflects the most im-
portant features of the thixotropic flow character of the slurry and is in better agreement with the experi-
mental data of viscoplastic fluids. It provides the calculations of speed of viscous-plastic flow of the slurry
based on Shvedov-Bingham and Herschel Bulkley’s two rheological models considering the peculiarities of
coagulation structure formation and flow mechanism with boundary conditions. As a result of calculations,
the fields of velocity, temperature, and density were obtained, which describe the regularities of the flow and
heat transfer of a thermoplastic slurry. The change in the Nusselt criterion along the length of the shaping
cavity is shown, which coincides with the analytical solution of Nusselt under first kind boundary conditions.
The optimal conditions for the process of ceramics molding by hot casting method have been found, allowing
to obtain a hardened product with a homogeneous structure of beryllium ceramics at the outlet.

Keywords: thermoplastic slurry, beryllium oxide, ceramics, rheological model, Herschel Bulkley, thixotropic,
viscous-plastic, non-isothermal.

Introduction

High-density beryllium oxide ceramics are widely used in various fields of new technology due to a
number of valuable properties and above all, unique thermal conductivity. The manufacture of high-tech be-
ryllium ceramics by the slurry (extrusion) molding, similar to MIM (Metal Injection Molding) technology,
includes the same physical processes and methods that reduce the cost of rejected products and significantly
improve the quality of products.

During industrial tests, thermoplastic slurry has been used to obtain ceramic products — a highly vis-
cous suspension with different organic binder contents: 9.5; 10.7 and 11.7% prepared from beryllium oxide
powder (grade H1 specific surface area 1,57 m2/g). The organic binder includes three components: paraffin,
beeswax, oleic acid in a ratio (82; 15 and 3%) [1].

The molding unit tank is filled with thermoplastic molten slurry and the mold is filled under pressure. In
the molding process, there is a difficulty in the deformation behavior of the molding because of the high
thermal conductivity of the dispersion medium. In the temperature range of 40-59 ° C, the volume-phase
characteristics of the slurry mass changes and the volume of the liquid phase increases. An increase in the
volume of the liquid phase and the presence of an additional amount of binder lead to structural defects. Ef-
fective control of the molding process to reduce the content of the liquid phase while maintaining the high
fluidity of the slurry was carried out under the influence of a pressure gradient resulting from ultrasonic (US)
effects.

The present paper examines the viscous-plastic course of the beryllium ceramic molding process based
on experimental data obtained from actual injection molding plants [2]. The reasonable choice and calcula-
tion of the optimal mode of the beryllium ceramic molding process are, from an energy point of view,
a paramount technological task for the production of ceramic products.

Numerical calculations of the mathematical model of the process take into account the thixotropic-
dilatant and complex rheological behavior of the slurry on rheological models, the dependence of thermo-
physical characteristics on temperature, non-isothermal flow, and heat exchange when the aggregate state
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changes. A detailed discussion of the conditions of heat exchange and phase conversion is not our task how-
ever, it was necessary to note the solidification temperature of the slurry.

Calculation of non-isothermal flow based on the rheological model of a power-law fluid

Non-isothermal movement of thermoplastic slurry in molding cavity of molding unit is considered
(Fig. 1). The structure of the molding cavity is made in the form of coaxial pipes. Inner pipe with radius of
r; = 0,045 m forms cavity and circular layer with radii of r, = 0,005and 73 = 0,015 — casing for
circulation of cooling liquid. Liquid slurry with initial temperature of Ty = 75°C flows in and moves into
forming cavity. According to experimental data, the maximum value of the molding speed does not exceed
2 mm/min.

As it moves, the slurry cools and solidifies acquiring a structural shape at the outlet of the pipe [3].

Figure 1. Diagram of industrial ultrasonic (UZ) molding plant

The wall of the molding cavity is cooled by water circulating in the annular casing. The cooling zone is
divided into three parts, in the first compartment the water temperature T,,; = 73°C, in the second Ty, =
59°C, in the third T,,3 = 45°C. The total length of the cavity L = 0,108 m: the length of the hot, warm, and
cold part of the pipe is equal to L; = 0,022 m, L, = 0,045 m, L; = 0,041 m, respectively.

For numerical calculations of non-isothermal flow and heat exchange of thermoplastic slurry, a mathe-
matical model is presented by the following system of equations of motion, continuity and heat exchange [4].
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oz Tror =0 @)
oT aT 10 oT dp ow)?
pucp£+pvcp;—;$(/1r5)+LkE+B(5) . 3)

The system of equations (1) — (3) is closed by the Herschel-Bulkley rheological equation, in which the
quasi-Newtonian viscosity is determined by the relation [5; 6]:

B =k 2" )

In (1) - (3), z,r — cylindrical coordinates; u, v — speed components; p, p, T, Ty, B, 4, ¢p, Ly, — pressure,
density, temperature, yield strength, quasi-Newtonian viscosity coefficient, thermal conductivity, the slurry
heat capacity and crystallization heat, respectively. Density, coefficients of heat capacity, viscosity and ther-
mal conductivity of the slurry depend on temperature and their dependencies are determined by empirical
formulas obtained on the basis of experimental data [7].

The effect of mechanical energy dissipation is not significant, however, taken into account in the calcu-
lations. The condition of maintaining the mass flow rate of the current medium in the mass-forming cavity
makes it possible to find the pressure drop necessary to control the molding speed:
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The speed and temperature distribution at the inlet is assumed to be constant along the channel section,
accordingly, all thermo-physical characteristics of the slurry are constant. Boundary conditions are recorded
at channel input:

atz=0: u=uy, v=0, T =Ty (6)
on the walls of the channel in the area of the liquid state of the slurry for speed, adhesion conditions are set:
u oT
atz>0,r=0: 5—5—0,17—0, @)

and in the field of solid plastic state — conditions of non-flowing and sliding:

atz>0,r=mnr, v=0, —£=3(1:0i+(k3—:)n),i=1,2. ®)

dz 71

Heat exchange on the outer wall is determined in accordance with the temperature value in the cooling
contour of the cavity. We denote the temperature of water in hot, warm, cold contours Ty, T,, T3, respectively,
and then we have boundary conditions for the temperature on the outer wall:

at 0<z<l, r=m, —AZ—:=k(T—T1);
at h<z<lp r=r, A =k(T—T,); )
at I, Sz <ly, r=ry, A= k(T —T5).

The heat transfer coefficient k is in the standard manner [8].
The system of equations (1) — (3) is given to dimensionless variables. As a result of transition to dimen-
sionless variables of the Reynolds equation, Bingham, Nusselt, Prandtl and Bio:
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grid points in each coordinate direction Oz and Or designates Az, Ar and are calculated by the formulas:
Az =2z, 1 — 2z, Ar =1j41 —Tj_q, Ary =14 — 15, Ar_ =1, —1j_4q, iy, Ty, = Ar

where Az, Ar vary in the range 0 < A< 1.
The difference analogues of the equations of motion (1) and energy (3) are obtained according to the
Crank-Nicolson scheme. Then the equations of motion can be represented as:
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The resulting difference equation is nonlinear with respect to the desired quantities, therefore, to find
them, it is necessary to iterate along the nonlinearity or apply the Newton linearization method [9].

n+1 n+1 n ng mgn+1 n+1 n+1 n n+1 n+1 n+1 untl
Hp u;j +(1_9)P1 iUy 9p U; ep] ( Uj_q1

Az 7}'+1 —Tj-1
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Accuracy of calculating the flow strongly depends on the way of calculation B}”l, then it can be written as:
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After linearizing nonlinear elements in the equation of motion to find ;" the difference analogue of

the equation is reduced to the three—point form:

n+1 n, n+l n, n+l _ on dp\"t!
—afuwly + by — ¢ ult = 6 _(E) .

When calculating internal flows, the pressure gradient, which is an unknown quantity, in the process of
solving it, will be determined by splitting method from condition of preservation of mass flow rate:

f pn+1 n+1 rdr = % (10)
dp\+1
For determining (E) the splitting method is used [9]:
n+l1 _ , n+1 dp n+l . Sn+1 11
uj (p + dz Ji ( )

n+1 Sn+1

Thus, the solution algorithm u**? has the form: 1) from difference analogs ®; the desired var-

J
iables are calculated by the sweep method; 2) by found values ¢} n+l .S "1 definite 1ntegrals are found by the

n+1
Simpson method and the pressure gradient (%) ; 3) calculated u”+1

Similarly, the heat transfer equation is represented in ﬁnlte-dlfference form by the Crank-Nicolson
scheme.

Results and Discussion

Calculation of non-isothermal flow and heat transfer of thermoplastic slurry which based on the
Bulckley-Herschel model gives the following results. The calculations provided for two identical operating
parameters similar to the Bingham model [10]. Figure 2 (b) shows that the velocity profiles have a more
filled form, and decreasing of the velocity on the axis is associated with a high consistency of the slurry
mass. The developed profile of the shear rate increases the cooling effect from the side of the wall and this,
in turn, leads to intensive heat transfer between the slurry and the cooling liquid, hence, to an increase in vis-
cosity. As can be seen from Figure 2 (a), in hot and warm contours with the slurry which located in the cen-
tral region of the pipe occurs heat transfer due to convection. When transition to warm contour z = 23 mm,
large changes of temperature along the channel radius are demonstrated which are related to the temperature
gradient. Further, the temperature distribution in the core of the flow over the cross sections is reduced and
remains almost uniform in the cold contour (Fig. 2, a). Beginning with z = 63 mm, the speed distribution
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becomes more uniform because of the balance between the cooling effect and the internal phenomenon of
convection. The filled profile of the shear rate of the considering model does not always ensure the uniformi-

ty of the structure of the slurry mass, however, with the correct choice of thermal parameters, positive results
can be obtained.

I, MM T Tz
s T fox
40 F (’;? Y “r N
s L, ‘)‘,. [
a) E
20F
ek iy 'v; %
o P\' X )
) ot ety
1 b [w LI} 1
03 30 20 B0 B0 100 7. MM
I, MM T |
ank =
b) 3 =
i) s
20 Y W
b | &
i =
%! ]
Uq ] ]

00 z, 1|uM
Figure 2. Temperature (a) and speed distribution (b) along the pipe length:
u = 1 mm/min, 7, = 45 mm, Re =3,52-107*

As the thickness of the round pipe decreases, the temperature of crystallization is reached near the wall
at a distance of z =59 mm, and the crystallization front at a sharp rate covers the entire crosscut layer of the
round channel (Fig. 3). The developed speed profile facilitates rapid heat removal from the inside of the slur-
ry to the wall. At transition to cold contour the slurry is in solid-plastic state and the temperature of the slurry
at all points shall be equal to temperature of cooling liquid of this contour [11]. The solidification begins
with a cold contour, followed by a sharp increase in the density of the thermoplastic slurry. The calculated
data of the speed profile, obtained using the Bulkley-Herschel model, have a more filled form with a constant

core in the central part of the flow (Fig. 3), which is in qualitative agreement with the data of the analytical
solution of the motion of a non-Newtonian fluid in a round channel.
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Figure 3. Temperature (a) and speed distribution (b) along the pipe length:

u = 1 mm/min, r, = 33 mm, Re =1,95-10"*
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Figure 4. Nusselt criterion change along the pipe length

The regularities of the change of temperature and longitudinal speed profiles cause the change in the
Nusselt number (Fig. 4). The presented dependence of the Nu number on Z testifies that in the warm and
cold contours, the change in slurry viscosity with temperature has a stronger effect on heat transfer than in
the hot contour, where the temperature gradient is insignificant. When falling temperature is different,
Nusselt number decreases much faster (warm contour) than in a cold contour, where the rising temperature
head slows down the fall Nu. The problem of heat transfer for a laminar flow of a non-Newtonian fluid, in a
round pipe at a constant wall temperature, was solved to verify the numerical method. The change in the
Nusselt criterion (dimensionless heat transfer coefficient) along the pipe length decreases monotonically in
each contour and tends to a constant value that coincides with the analytical Nusselt solution under first-kind
boundary condition [12].

As can be seen from Figure 5, the calculation data, obtained using the Herschel-Bulkley model, indicate
good agreement with the results of experiments and industrial tests. In the calculated temperature range, the
change in density in the liquid state is (2.355-2.38) g/cm’, in solid plastic — (2.38-2.43) g/sm’.
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Figure 5. Density change of the slurry along the pipe length

The obtained results of calculations of the process of thermoplastic slurry solidification under the spe-
cific conditions of the round pipe of the molding installation make it possible to clearly represent the kinetics
of solidification depending on the molding modes, the structure of the molding mass and the peculiarities of
the configuration of the articles.
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Conclusions

Numerical calculations of non-isothermal flow and heat exchange of thermoplastic slurry based on
Shvedov-Bingham and Herschel-Bulkley two rheological models are compared with experimental data. The
application of the Herschel-Bulkley rheological model describing the non-thermal flow and the gradual tran-
sition from the flowing state after the destruction of the slurry mass structure to the solid state is justified by
the thixotropic-dilatant properties of the slurry. The rheological behavior of the viscoplastic slurry is com-
plex when different flow modes exist at different shear rate intervals depending on the duration of treatment
of the slurry with exposure. Rheological parameters of viscoplastic slurry are determined experimentally in
the studied area, where with existing measurement methods reliable results.

The given results of mathematical model calculations help to find optimal parameters of thermal regime
of the slurry molding in forming cavity to reduce production costs of molding system. The calculated data
show the applicability of the Herschel-Bulkley rheological model in a wider range of molding systems com-
pared to the Shvedov-Bingham model. The optimum conditions of the process of molding of BeO thermo-
plastic slurry were found, which make it possible to obtain a solidified product with a unified structure of
beryllium ceramics at the outlet.

The results of the study, obtained using the Herschel-Bulkley rheological model, lead to the following
conclusion:

— speed profiles have a more filled appearance with a constant core in the central portion of the flow;

— unified speed distribution contributes to unified fields of temperature, density and improvement of

other thermo-physical properties of the slurry;

— speed epures with a constant core in the central part of the stream satisfy the theoretical data.
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3.K. CarrunoBa, T.H. bekenos, b.K. Accun6ekos, I'.11. Pamazanosa, K.M. /roceHoB

OPTYPJIi peosIorusIIbIK MOAeJbAep/li KoJAaHa oTbIpbIn, BeO Tepmomiact
HUIMKePiH KYIOJbIH ONITUMAJIbI IAPTTAPBIH ecenTey aJrOPUTMIH Kacay

Makasnana OepwIIMi TOTHIFBI TEPMOIUIACT IUIMKEPIHIH KYHO KOHABIPFBICHIHBIH [OHICJICK KaHAaJbIHIAFbl
aFbIChl MEH JKbUIyaJIMacybIHbIH MAaTeMaTHKAJIbIK MOJENi eCeOiHIH KOPBITHIH/BICHI KENTIPUIreH. AFBICTHI
cunmatrTalTeiH [ epiuenb—bankin peonorusuiblk MOAENs HETi3iHAeri TeHAeYJep KYHEeCiHIH CaHIBIK LUy
IropuTMi Kypacteipbuirad. Kosrasbic, Y3UTicCi3IiK xKaHe SHEPTUsl TCHCYIIep KYHECIHIH COHFbI-aibIPBIMIBI
aHanorsl Kpank—HuKOJILCOH cxeMmachl apKbUIbl ajblHFAaH. YINNapaMmerplli TEeHIEYAl KOJJaHylarbl Makcar
M30TEPMHUSIIBIK €MEC, aFbICThl KaHIIAJBIKTHI AKCICPUMEHTTIK JEpeKTepre COHKeC aJeKBaTThl CHIATTall
aNaThIHABIFBIH TeKcepy koHe [IIBenoB—buHramM MozeniMeH ajblHFaH €CeNnTey HOTHKENCPIMEH CalbICTHIPY.
Tepiuesnb-bankin MOJENiH KOJIQHYABIH €PEKIIENiri KbUDKY JKbULIAMIBIFBIHBIH KCH WHTEPBAJIBIHIA KUCBIK
CBI3BIKTHI LIIMKEP aFbIChIH CCKEpyHiH Kypueiitiri Oonsin canananpl. [IITMKepAiH THKCOTPOI-IHIATAHTTHI
KacueTiHe COoHKeC yJIbTPaIbIObICThl OHJICYACH KEHIHIT IUIMKEpIiH KYPbUIBIMBI OY3BUIBII, KHUCBIK CBHI3BIKTHI
AKKBILITBIFB! XKBUDKY JKbLIIAM/IbIFBIHBIH YJIKEH MHTEPBaJbIH KaMTUIbL. Ecenrteyiiep HOTHXKECI YCBIHBUIFaH
MOJEINb IUTHKEPAiH THKCOTPONTHI aFbICHIHBIH €H 0acThl epEeKIICTIKTepiH KOPCETETIHIIr KHE IKCICPUMEHT
JEPeKTepiMeH COMKECTIrl IIUIMKED aFbIChl JKbULAAMABIFBI MEH THIFBI3ABIFBIHBIH  ©3repyi  apKbUIbI
canbICThIPbULABL. 1IINUKepAiH TYTKBIP-IUIACTUKANBI aFbICBIHBIH JKbULIAMABIFBIH, HUIMKEPAIH KOAryJIsIHsIbIK
KYPBUIBIM TY3y €PEKILEIIri MEH aFbICThIH LIEKapajblK MapTTapbiH eckepin, [IIBenoB bunram xoue I'epruens—
Bankiam peonorusiiblk Moaenbaepi Heri3iHAe CaHIBIK ecenTeyiepMeH xKyprizinai. Ecenreynep HoTmkecinme
arbIC JKOHE JKbUTyaJIMacy 3aH/BUIBIKTAPBIH CHUIIATTANTBIH JKbULAAMIBIK, TEMIIEpaTypa epicTepiHiH Tapaiysl
JKOHE TBIFBI3IBIKTHIH ©3repyi anbiHbl. Bipinmi TekTi mekapaiblK maprra HyccensT kputepuiiiHin e3repyi
AQHAIMTUKAIBIK LICMIIMIMEH CoHKec KeJeTiH JKbulyalMacy KpUTEpHUifiHiH KaHan OoifbiMeH e3repyi
kepcetinren. Kyto nporieci conpinia GipTeKkTi KYpbUIbIM/BI KEPAMHUKa OHIMIH ally YIIiH HUTHKepaAi popManay
NPOLECIHIH THIM/I HIapTTaphl AaHBIKTAJIFaH.

Kinm co30ep: TepMonnacT nutukepi, OepuiiInid TOTBIFbI, KEpaMHKa, PEOSIOTHIIBIK Mozeb, 11IBenos-bunram,
T'epmrens—bankim, THKCOTPOIUS, TYTKBIP-TUIACTHKAIBI, M30TEPMUSIIBI €MEC.

3.K. CarrunoBa, T.H. bekenos, b.K. Accun6ekos, I'.11. Pamazanosa, K.M. J/{roceHoB

Pa3paboTka ajropurMa pacyera ONTHUMAJBHBIX PEKHUMOB JIUThS TEPMOIIACTHYHOTO
nutikepa BeO ¢ ucnoJib30BaHHeM Pa3jIMUHbIX Pe0JTOTHYECKHX Mojeieit

B cratbe mpexacTaBieHBI pe3ynbTaThl pacyeTa MaTeMaTH4YeCKOH MOJIENM TEUeHUs U TeIIooOMeHa
TEpMOIJIACTUYHOTO OKCHIAa Oepuiius B KPYTJOM KaHale JUTeHHOH ycraHoBku. PaspaboTan amroputm
YHCJICHHOTO pacyeTa CUCTEMBbl YpaBHEHUII Ha OCHOBe peosiormueckoil monenu I'epmens-bankau. Koneuno-
Pa3HOCTHBIN aHAJIOT CUCTEMbI YpaBHEHHI ABW)KEHHUS, HEMPEPHIBHOCTH M SHEPTHHU PEIIAETCs YHCIECHHBIM Me-
TOJIOM C HCIIOJIb30BaHUEM pa3HOCTHOW cxembl Kpanka-Huxonscona. IlpuBeneHHbIe 3KCIIEpHMEHTaTbHBIE
JTaHHbIE TI03BOJIAIOT OLIEHHUTH Je(hOpMaIIMOHHOE MOBeIeHHE (POPMOBOUHOM MACCHI, a TAaKKEe YCTAHOBUTD 3aBH-
CHMOCTb PEOJIOTHYECKHX M TEIUIO(PU3NUSCKUX CBOMCTB TEPMOIUIACTUYHOTO IUTHKEPa OT TEMIIEPaTyphl. YUH-
TBIBass OCOOCHHOCTH KOAry/SIIHOHHOTO CTPYKTYpOOOpa3oBaHHS M MEXaHM3Ma TEUCHHUS C TIPaHUIHBIMU
YCIOBUSIMH, B CTaTbe IPOBOJUIIUCH PACUETHI CKOPOCTEH BI3KOIUIACTHYHOIO TCUEHHMs IIUIMKEpa Ha OCHOBE
IByX peosorndyeckux moxaenei IlIBenosa-bunrama u banknu-I'epiiens. Tpexnapamerpuueckoe ypaBHEHHE
MPUMEHEHO C LEbI0 MPOBEPKU COTTACOBAHHOCTH a€KBATHOCTU 3KCHEPUMEHTATIBHBIM JAHHBIM HEN30TEPMH-
YECKOT0 TEeUEHHMs IITUKEpa MO cpaBHEHHIO ¢ Mojenbio IlIBenoBa-bunrama. [laHHas Mozenb Ui ONMHUCAHMS
PEOJIOrMYECKOT0 MOBEASHNUS IUIUKEPa CBS3aHA CO CIOYKHOCTBIO ydeTa HEIMHEHHOCTH KpPHUBOW TedeHHs B
IIMPOKUX MpeleslaX U3MEHEHUS CKOPOCTU CABUTa. THKCOTPOIHO-IUIIATAHTHOE CBOMCTBO IIJIMKEpa TAKOMY
OTrPaHUYCHHUIO HE YIOBICTBOPSET, M HEIMHEHHOCTh KPHBOH TEUCHUS IOCIEC Ppa3pyLICHUs CTPYKTYpBI
MPOSBIIAETCS B IIUPOKHUX IpeAeaax U3MEHEHHs CKOPOCTH caBura. B Hamem cilydae IpUMEHEHHE MOJIENU
Banxnu-T'epiens 103BOJMIMIIO  afEKBAaTHO OTPAa3UTh PEOJIOIMYECKOE IIOBEACHHE NIIMKEpa, BKIIOUYast
HEJTMHEHHOCTh KPUBOHM TeUeHMs M Bs3kue 3QQeKkTsl cpenpl. B pesynsrare pacdeToB OBLIM MONYYESHBI ITOJSL
CKOPOCTH, TEMIIEPATYphI U INIOTHOCTH, OMHUCHIBAIOIIE 3aKOHOMEPHOCTH TEYEHHS U TEINI00OMEHa TepMOIIa-
cTuyHOro nuimkepa. [lokasano msmeHenue kpurepus Hyccenbra mo anmuue ¢opmooOpasyroiieil MonocTy,
COBIMAJAIOIIEH C aHAIMTUYECKUM pelneHueM HyccenbTa npu rpaHuyHbIX YCJIOBUSX NepBOro poaa. HaineHst
OITUMAJIbHBIE YCJIOBHS IIpoLecca (OPMOBAHUS KEPAMHUKH CIIOCOOOM TOPSYEro JIMThs, KOTOPbIE MO3BOJISAIOT
MIOJIy4YUTh Ha BBIXOJE OTBEPAEBIIEE U3/IEIIUE C OAHOPOJHOHN CTPYKTYypOH.

Kniouesvie cnosa: TepMOIUIACTUYHBIN IITHKEP, OKCHJ OCpHILTHS, KepaMUKa, peoiornieckas mojaens, 1Ise-
noB-bunram, I'epiens-bankiau, THkcoTponus, BI3KO-IUIACTUYHBINA, HEU30TEPMUYECKHA.
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