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Modeling the dynamics of charged drop of one liquid
in another under the action of an electric field

The work is devoted to the study of the features of the behavior of a group of droplets of one viscous liquid in
another under the influence of various physical fields. When considering the dynamics of two drops under the
action of an electric field it is assumed that a drop in the form of a sphere with radius @ will be placed in an

electric field with an intensity E , investigates how droplets will react to each other under the influence of an
electric field. A mathematical model has been built and a computer program has been developed for the nu-
merical solution of this problem. The behavior of several drops in an electric field is studied for different
physical parameters of the material of the drops and the environment, as well as for different initial distribu-
tions of drops and the strength of the electric field. It is shown for the first time that emulsion droplets distrib-
uted in space, under the action of an electric field, begin to move and after a certain time a new stationary
structure of droplets is formed. It was found that the relaxation time depends on the electric field strength, the
size of the droplets and their initial distribution.

Keywords: droplet dynamics, electromagnetic field, dispersed system, mathematical model, computer model,
computational domain, dynamics of an emulsion system.

Introduction

The theoretical and experimental study of the behavior of individual drops of one viscous liquid in an-
other under the influence of various physical fields (thermal, acoustic, electromagnetic) is of great im-
portance in solving technological problems in various industries. A huge number of scientists from all over
the world have been and are engaged in research on various aspects of this problem and have contributed to
solving the problem [1-3]. In the case of one drop, the results obtained by the authors of this work are given
in [4].

An emulsion is considered, consisting of spherical drops of one viscous incompressible fluid, distribut-
ed in the volume of another viscous incompressible fluid, immiscible with the first. Both liquids are consid-
ered to be dielectric. When considering the dynamics of two drops under the action of an electric field, it is
assumed that a drop in the form of a sphere with radius a will be placed in an electric field with an intensi-

ty E , investigates how droplets will react to each other under the influence of an electric field.

Figure 1. Interaction of two emulsion droplets in an electric field.
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Mathematical model of the dynamics of two drops

Consider two spherical emulsion droplets i and j of the same diameter d = 2a, the distance between
which R, (Fig. 1). It is assumed that the drops do not have a significant effect on the distribution of polariza-

tion charges in them and, using the point-dipole approximation, the electrostatic force acting on i-th drop
from the j-th drop can be determined by the formula:

=@ E],_, (M)

where p; is the equivalent dipolet moment of the i-th drop (determined by the formula
p = 4meye fa’Eyé,, and EO, E'J of the strengths of the electric field of the external environment and the
electric field of the j-th drop, which are calculated, respectively, through the electrostatic potentials of the

3
external environment, i.e.: ¢, = —Eyr [1 -B (g) ]cos 6 and dropo, =—-E;r 3 20059. Substituting into

o+

&d

formula (1) the expressions p, ¢, ¢q and @ ==, B = Z—;; we get:

ec
4
F¢ = F, (Riij) [(3cos?6;; — 1)é, + sin26,;5].

3 22 2 (2)
F, =En8088d B°E, .

When deriving formula (2), it was assumed that the origin of the spherical coordinate system is at the
center of the i-th drop. Strictly speaking, formula (2) is exact only under the following conditions: the dielec-
tric constants of the environment and droplets differ insignificantly, i.e., § — 0; the diameter of the droplets
is much less than the distance between them, i.e., R;;/d — .

A qualitative analysis of formula (2) makes it possible to predict the nature of the motion of two drops
under the action of an external electric field.

a) If the drops are located along the electric field strength vector coinciding with the direction of the ax-
isz (6;j = 0) , then the vector ﬁs will be directed along the vector &, and the drops will attract.

b) If the line connecting the centers of the drops is perpendicular to the intensity vector (6;; = /2),
then the direction of the vector ﬁs will be opposite to the direction of the vector &, and drops will repel.

¢) In case of an arbitrary arrangement of drops the force ﬁs will rotate them, trying to arrange them in
the direction of the intensity vector.
If the distance R; between the emulsion drops, it becomes enough, a short-acting repulsive force ap-

pears small (Fig. 2a)

L R,—d)._
F(R)=~F,exp| == 2., 3)

where « is characteristic distance at which repulsive forces act.
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a) between drops; b) between a drop and an electrode

Figure 2. To the definition of repulsive forces
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The repulsive force between the drop and the electrode is described similarly (Fig. 2b):
L/2—|z[|—d/2Jﬁ
n b

4

E™(R)=-F, exp(—K y

where 7 is normal vector to the electrode surface directed inward of the emulsion, z, is axis coordinate of
the drop center Z.

A mathematical model of the dynamics of an emulsion system in an electric field, taking into account
the considered forces, can be written by the following equation [5]:

dzﬁi N e o N e Y ~h D WD
- ZZ[E.j. (R,.0,)+F, (Rl.j,el.j)]+z;E.j (R,0))+F'(R)+F"(R) 5)
= <

J#i

m

where f?i is the radius vector of the center of the 7, th drop, m = %nd * is the drop weight, F,-h (ﬁi) is the

force of hydrodynamic resistance, according to the Hadamard-Rybchinsky formula. ZE;"(RU’,,G;) is the
=1
force of the electrical interaction between the i-th drop and the electrodes.
The solution of the ordinary differential equation (5) with closing relations (2)-(4) and a given initial
distribution of drops will allow us to determine the dynamics of each drop in the emulsion and, thus, to simu-

late the dynamics of the emulsion as a whole under the action of an electric field.
Computer model of the dynamics of two drops

To build a computer model and carry out numerical modeling of the dynamics of emulsion drops in an
electric field, we first write expressions for the forces entering the equations of the mathematical model in
the two-dimensional case, using the global Cartesian coordinate system.

The strength of the electrical interaction between the i-th and j-th drops 17"; depends on distance R; be-
tween drops and angle 6, between the vector of the electric field strength and the vector connecting the cen-
ters of the drops. Suppose that all emulsion droplets are in the plane (y, z), the coordinates of the center of the
i-th drop in the global Cartesian coordinate system we denote (y,, z,) . Then we can write that:

z,—z =y
Ri/:\/(yi_yi)2+(zi_zi)2’Coseij: jR ’,sinegzu.

i i

Vector 13; in the local polar coordinate system associated with the i-th drop, it is decomposed in the

vectors of the local basis €, and é, : F; = (F;)r e + (13;)9 -€,, where

4 4
(F;)r =F, (RiJ (3cos’6, -1), (F;)e =2F, LRiJ sin@,, cos O, .

i i

Because the relationship between the reference vectors of the local and global coordinate systems are
given by €, =sin6-¢ +cosB-¢., ¢, =cos0-¢,—sinO-¢_, then the projections of the vector Ff; on the axis

of the global cartesian coordinate system (y, z) will be written in the following form:

i

4
(F;)y = (E;)r sin@; + (13;)9 cosf, = F, LRiJ sin 0, (5 cos’ 0, — 1) ,

i

4
(Fi; )Z = (F;)r cos6, — (F;)e sin@, = F, LRij cos O, (5 cos’ 0, — 3) :

The components of the vector of the repulsive force and the force of hydrodynamic resistance are writ-
ten in a similar way in the global Cartesian coordinate system:
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Thus, we finally write the second-order differential equation (5) describing the dynamics of drops in an
electric field in the form of a system of first-order differential equations (6):
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The initial conditions are the coordinates of the initial position of the drops in space and their initial ve-
locities (in all the results below, it is assumed that the drops at the initial moment of time are at rest).
For numerical simulation, consider water droplets in oil. Basic parameters for numerical simulation are

given in the Table 1.

Table 1
Basic parameters for numerical simulation

Parameter Symbol Unit of Measurement Value
Drop diameter d m 10°
Electric field strength E, V/m 10°
Parameter characterizing the repelling force of drops K - 10°

Environment
Relative dielectric constant . - 7.3
Dynamic viscosity n, Pas 10"
Drops

Relative dielectric constant g, - 23.6
Dynamic viscosity L, Pa-s 10°

We begin numerical modeling by considering a system consisting of two drops in view of the possibil-

ity of carrying out a relatively simple qualitative analysis.

Results

Figure 3 shows the time dependences of the coordinates of the centers of drops of the same diameter for
the cases when the centers of the drops at the initial moment of time are located on one of the coordinate ax-
es symmetrically about the origin. The droplet diameters are the same, and the initial distance between them
is 1 cm, i.e., ten times the diameter of the droplets. Curves of different colors correspond to different drops.
If at the initial moment of time the centers of the drops are located on the y-axis (i.e., the vector connecting
the centers of the drops is perpendicular to the z-axis and accordingly to the vector of the electric field
strength), then the drops begin to move along the y-axis in opposite directions (Fig. 3 a).

28

BecTHuk KapaFaH,ElI/IHCKOFO yHuBepcuteTta



Modeling the dynamics of charged...

0,0075 [ b
0,004 [

0,005 \
£ E \
g’; « 0,002 -‘
2 00025 £ ‘;\A
s 1= F Yl
3 H | —
8 0 3 0
% -;g : H e L
5 i ||| amsm—
2 -0,0025 e LY
[=] 0-0,002

0,005

-0,004 [
B L Il 1 1 L T i | L L 1 L L L
0 1000 2000 3000 4000 5000 6000 7000 0 1000 2000 3000 24000 5000 6000 7000
Time, s Time. s
a) b)
a) the initial position of the drops on the y-axis b) the initial position of the drops on the z axis

Figure 3. Dependence of the coordinates of the centers of drops of the same diameter on time

A similar result was described in [5]: the existence of a critical value of the electric field strength was
experimentally established, above which oppositely charged droplets began to repel. It can be seen from the
Figure 3a that in two hours the distance between the drops increased by 1.5 times. At large times, the dis-
tance between drops will continue to increase slightly, and then the drops will stop at a certain distance de-
termined by the force of hydrodynamic resistance.

A qualitatively different behavior of drops is observed in the case when the centers of the drops are lo-
cated along the vector of the electric field strength (Fig. 3 b). In this case, the motion of the drops has an os-
cillatory character: first, the drops come closer to each other until the repulsive force becomes greater than
the force of electrical interaction, after which the drops change the direction of movement to the opposite.
Then the strength of the electrical interaction increases, the drops approach again, etc. After some time, the
position of the drops stabilizes, and they are located in the direction of the electric field strength vector in
close proximity to each other (the final positions of the drops are schematically shown in Figure 3 and on all
the following red and blue circles).

Figure 4 shows the time dependences of the coordinates of the centers of drops of different diameters
for the cases when the centers of drops at the initial moment of time are located on one of the coordinate axes
symmetrically about the origin. The diameter of the red drop is five times the diameter of the blue drop. The
initial distance between the centers of the droplets is still 1 cm.
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Figure 4. Dependence of the coordinates of the centers of drops of different diameters on time
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In principle, the nature of the droplet motion remains the same as for droplets of the same radius: drop-
lets located perpendicular to the electric field strength vector are repelled, and droplets located along the
strength vector are attracted, making oscillations. A drop with a smaller diameter (blue in Figure 4) is more
affected. Figure 4 b shows that the small drop moves 6 mm, while the large drop moves a little more than 1
mm. An important parameter that determines the nature of the interaction between drops is the dimensionless
parameter « , characterizing the repulsive force between the drops (see formula (4)). This parameter depends
on the physical properties of the drop material and the environment, as well as on the properties of the enve-
lope surrounding the drop. Specific parameter value k should be determined from appropriate experiments.
Figure 5 shows the dependences of the coordinates of the centers of drops of the same diameter for different
values of the parameter «.

For small values of the parameter x the value of the repulsive force is too small and non-physical in-
terpenetration of drops into each other is observed (Fig. 5 a). The interpenetration of drops stops when the
parameter is k close to 100 (Fig. 5 b). A further increase in the parameter leads to a slight increase in the
amplitude of oscillations, which does not affect the steady state of the drops (Fig. 5 c). Therefore, in further
calculations the value of the parameter will be used k =100 .
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Figure 5. Dependence of the coordinates of the centers of drops of the same diameter on time

Consider the situation where the vector is connecting the centers of drops at an angle a to the vector of
the electric field strength. Figures 6 and 7 show the dependences of the coordinates of the centers of droplets

of the same diameter on time and the trajectory of the droplets at angles o =+45" and o =-45" accordingly.
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As expected, the movement patterns in Figures 6 and 7 turned out to be symmetrical, therefore we will
only analyze in detail the results in Figure 6. In contrast to the previous results, Figure 6 a shows four curves.
Curves of different colors correspond to different droplets, the solid curve shows the change in the y coordi-
nate, and the dashed curve shows the change in the z coordinate. It can be seen that under the action of an
external electric field the droplets are subjected to a rotational moment and move to a stationary position
along a curved trajectory (Fig. 6 b) simultaneously experiencing damped oscillations. In a stationary posi-
tion, the drops are located on the z axis (i.e., in the direction of the electric field strength vector) symmetri-
cally relative to the origin.
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0,004 ’\

0,002 -

oY
~8{\

-0,002

0,004

o
=]
=]
o

Drop center coordinates, m
(-]

0,002 |-

-0,004 |- 0,004 7

I L )
0,004 0,002 0 0,002 0,004
YoM

a) b)

a) time dependence of the coordinates of the centers of drops; b) droplet trajectories

..................

! I I
'] 2500 5000 7500 10000 12500
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As shown earlier (see Figure 3 a), if the angle o between the vector of the electric field strength and
the vector connecting the centers of the drops is equal, then at the selected value of the strength the drops
move in opposite directions. For it angle values is o close, but smaller, drops also begin to move in opposite
directions, however, the radial component of the electric interaction force increases, the trajectory is curved,
the direction of movement of the drops changes to and the drops begin to approach (Fig. 7, a, b). If the angle
o is less than 45°, then the opposite motion of drops is not observed (Fig. 8).
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The magnitude of the electric field strength has a significant effect on the time to reach a steady state

(Fig. 9). If with strength 2-10° V/m drops come to a stationary position in about two hours (Fig. 9, c), then
with a four times lower intensity B/m, this takes more than ten hours (Fig. 9, a).
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Figure 9. Dependence of the coordinates of the centers of drops
of the same diameter on time at different strengths of the electric field

When simulating a system of three or more drops, all of the above regularities are observed, however,
the dynamics of interaction is much more complex.

Conclusion

The mathematical model has been constructed and an algorithm has been developed for the numerical
solution of the problem of the motion of two or more drops in an electric field, and a computer program has
been created that implements this algorithm. The behavior of several drops in an electric field is studied for
different physical parameters of the material of the drops and the environment, as well as for different initial
distributions of drops and the strength of the electric field. It is shown that emulsion droplets distributed in
space, which are initially at rest, begin to move under the action of an electric field, and after a certain time
(relaxation time) a new stationary droplet structure is formed. It was found that the relaxation time depends
on the electric field strength, the size of the drops and on their initial distribution. The resulting structures,
depending on the parameters of the medium and the field, are either threadlike formations of drops oriented
in the direction of the electric field, or separate chains of drops. In addition, the type of the structures formed
also depends on the type of the selected dependence, which expresses the repulsive force between the drops.
The obtained numerical results are in qualitative agreement with the known experimental data.
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DJIEKTP OPIcCiHiH dcepiHeH Oip CYiBIKTHIH 3apSAATAIFAH
TAMIIBLIAPBIHBIH 02CKa CYHBIKTAFbI JUHAMHMKACBIH MO/eJ1Iey

Makana opTypii (HU3HMKaIBIK OpicTepAiH (3IEKTPOMAarHUTTIK KYIITEPHAiH) SCEpiHEH Oip TYTKHIP CYHBIKTHIH
TaMIIbLIap TOOBIHBIH 0acKa CYHBIKTarbl KO3FAJIBICHIHBIH EpPEKIIeIIKTepiH 3epTTeyre apHanraH. bip TYTKbIp
CHIFBUIMAWTHIH CYWBIKTaH TYPaThIH JXKOHE J€¢ OHBIMEH apajacHalThIH, CKIHIII TYTKBIP CBHIFBIIMAHTBHIH
CYMBIKTBIH KeJEeMiHJe TapaiFaH, C(epanblk TaMIIbUIAPIBIH SMYJIBCHSACH KapacThIppurraH. Eki CYHBIK
JMJICKTPHUK OOJIBIT CaHasa(bl. DJIEKTP OPICIHIH oCepiHeH €Ki TaMIIBIHBIH JUHAMUKACHIH KapacTHIPFaH/a, d
paguycel Gap mrap Topi3ai TaMIIbUIAp KEepHEYIIri E Gonarsin JNIEKTP OpiCiHE OPHAIACTHIPBUIA/IBI JKOHE
JJIEKTP OPICIHIH acepiHeH TaMIUbIIapAbH Oip-OipiHe Kanalt ocep ereTiHi 3epTrenreH. OChl €CEeNTiH CaHIBIK
mIemivMin Taly YIIiH MaTeMaTHKAIbIK MOJENIb KYPBUIBII, KOMIBIOTEpIIK Oarjapiama skacaimbl. DIJISKTp
epicinzeri OipHele TaMIIbUIAP/IbIH KO3FAIbICH TAMIIBLIAP/IBIH MaTEPHUAIbl MCH KOpIIAFaH OPTaHbIH dpTYpIIi
(U3MKaNBIK ITapaMeTpIiepiHe, COHBIMEH KaTap TaMIIbUIAPABIH dPTYPJI OACTANKbI YIECTipiMaepi MEH JJIEKTp
opiciHiH KepHeyJiriHe OaiIaHbICThl 3epTTei. DJICKTP OPICIiHIH dCepiHeH KEHICTIKTe TapajiFaH dMYJIbCHsI
TaMIIBLIApbl KO3Faja OacTaWThIHABIFBI JKoHe Oenridai Oip yakpITTaH (penakcaiys yakbITbIHAH) KeiiH
TaMIIbUIAP/bIH KaHA CTALMOHAPJIBIK KYPBUIBIMBI MHaiia OonaThiHbl OipiHINi per KepcerinreH. Penakcanus
YaKbITBl JIEKTP OPICIHIH KepHEYJiriHe, TaMIIbUIAPIBbIH MeJILepiHe KOHE OJIapJblH aJFallKbl TapalyblHa
r
0allIaHBICTEl SKEHJITT aHBIKTaJNABL. TYypi TaMIIbUIap apachlHAAFBl ! HTepriml KymIiHe Toyemnai OoJibm
KEJITIH, SFHU Taiija OOJFaH KYpBUIBIMIAp COJI OpTa MEH OpICTiH IapameTpiepiHe OaiIaHBICTHI HeMece
9IIEKTP Opici OAFbITBIMEH OAFBITTAIFAH JKIIl TOPi3AeC TaMIIBUIAP/IBIH TY3UTIMAEpI KOHE TaMIIbLIAPIBIH 06K
Ti30eKTepi TOPi3 i OOJIBIT Kee/i.

Kinm ces0ep: TaMIIbUIapIblH AWHAMUKACHI, JJIEKTPOMArHUTTIK ©pIC, AUCHEPCTi XyHe, MaTeMaTHKalbIK
MO/IeJ1b, KOMIIBIOTEPIIIK MOJIEIIb, €CENTEY aiiMarbl, IMYJIbCHS KYHECIHIH JMHAMUKACHI.

H. K. Ixxaitun6ekos, b.C. [1lanabaesa, B.H. Kupees

MojaeaupoBanue TUHAMUKH 3aPsKEHHBIX Kamneb OHOM KHAKOCTH
B IPYroii noj JeiicTBHEM JIEKTPUYECKOT0 MOJIst

CTaTbsl NOCBSILEHA UCCIICIOBAHUIO OCOOCHHOCTEH IOBEACHHUS IPYIIIBI Kalelb OJHOW BA3KOIl JKMIKOCTH B
Ipyroid MOA NEeWCTBHEM pa3IMYHBIX (U3MUECKHX IOyl (RJIEKTPOMArHMTHBIX cui). PaccmoTpeH cocras
SMYJbCUH, COCTOALICH U3 cepUUECKHUX Karedb OTHOM BSI3KOH HECKMMAEMOM JKUAKOCTH, paclpele/ICHHBIX B
o0beMe ApYroil BA3KOW HEC)KUMAEMOM KUAKOCTH, HECMELINBaroLIeics ¢ nepBoit. O0e KHIKOCTH CUUTAIOTCS
Juanexkrpudeckumu. Ilpu paccMoTpeHnu TMHAMUKY IBYX Kallesb [0 ACHCTBUEM JIEKTPUYECKOro MO Karl-
M B GpopMe mmapa ¢ pafuycoM a OyIyT IIOMEIIEHBI B IEKTPHUIECKOE TI0JIE C HAIPSKCHHOCTHIO E, u nceneno-
BaHa peakuus ApyT Ha Apyra Moj AeHcTBHEM 3JeKTpuueckoro mois. IloctpoeHa MaTemMaTHdeckas MOJETb, U
pa3paboTaHa KOMIBbIOTEPHAS MporpamMMa IJIsl YHCIEHHOTO pelleHus JaHHOU 3a1aun. M3yueHo noseaeHne He-
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CKOJIBKUX Karelb B 3JI€KTPHUECKOM MOJIE TIPU PA3INYHBIX (PU3MYECKHX MapaMeTpax MaTepuaia Kameib U OK-
py’Karolielt cpefbl, a TaKKe MPU Pa3TUYHBIX HA4YaJIbHBIX PACIPENENEHUIX Kalellb M HaMps KeHHOCTH 3JIeK-
TpUYEcKOro mouisi. BriepBble MOKa3aHO, YTO PAcIpeeNeHHbIE B MPOCTPAHCTBE 3MYJILCHOHHBIE Kallld IOJ
JEHCTBUEM SJIEKTPHUYECKOTO MMOJISI HAYMHAIOT JBIDKEHHE W Yepe3 OINpeesICHHOEe BpeMsl (BpeMs pellaKCarim)
o0pa3yeTcst HOBasI CTAllMOHApHAsI CTPYKTypa Kamelb. Y CTaHOBICHO, YTO BPEMs pPeaKCalliM 3aBUCHT OT Ha-
TIPSHKEHHOCTH JIEKTPUIECKOTO TI0JIs, Pa3MepOoB KalleNlb M OT UX HadalbHOTO pactpezneneHus. O6pasyromuecs

r
CTPYKTYPBbI, BUJL KOTOPBIX 3aBUCUT OT CHUJIbI OTTAJIKUBAHUSA MEKAY KallJIAMU F; , B 3aBUCUMOCTHU OT Ilapa-

METPOB CpE€AbI U ITOJIA, NIPEACTABIIAIOT co00it 1160 HUTCBUIHBIC 06p33013aH1/m 13 Karejib, OpUCHTUPOBAHHBLIC
110 HAIIPABJICHUIO DJIEKTPUUIECKOIO MMOJIA, b0 OTJACJIbHBIC LICIIOYKH KaIlCJlb.

Kniouesvie cnosa: JAVHAMHUKa Kall€lib, SJIEKTPOMArHuTHOE I10JIE, TUCIIEPCHAsA CUCTEMA, MaTEMAaTUYECKass MO-
J€JIb, KOMIIBIOTEPHAsA MOAEIIb, pacueTHAsA 06J'[aCTb, JUHAMHUKa 3MyJ'IbCPIOHHOI>i CUCTCMBI.
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