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Plotting the adhesion utilization curves for multi-axle vehicles 

The paper presents a method for calculating normal reactions of the road bearing surface along the axles of a 
multi-axle wheeled vehicle, upon which it is possible to construct the adhesion utilization curves for all vehi-
cle axles, considering that both independent axles and axles combined in balancing trolleys are present in the 
vehicle suspension. The main idea of this method is developing a universal mathematical model for determin-
ing the horizontal coordinate of the center of elasticity (center of rotation) of a multi-axle vehicle body with 
reference to which the normal reactions along the axles of the vehicle during its braking are determined. 
In addition, with a known distribution of braking forces, the adhesion utilization curves are plotted. 
In the overview part, an analysis is given that showed that there is no single methodology or recommenda-
tions today regarding determination of normal road reactions on the axles of a multi-axle wheeled vehicle. 
The developed methodology can be applied in engineering calculations when checking multi-axle wheeled 
vehicles for compliance with international requirements for brake systems (Appendix 10 to UN / ECE Regu-
lation No. 13). The universality of the proposed methodology allows recommendation for its implementa-
tion in the given Rules No. 13. The calculations of the adhesion utilization curves made on the example of a 
4-axle vehicle showed that consideration of the design features of a multi-axle wheeled vehicle suspension 
significantly affects the nature of the geometry of the adhesion utilization curves within the permissible limits 
specified by UN / ECE Regulation No. 13 (Appendix 10). 

Keywords: multi-axle vehicle, distribution of braking forces, braking force, braking performance, adhesion 
utilization curves, off-road vehicle, multi-axle. 

 

Introduction 

From the theory of car, we know that during the designing process and serial tuning all wheeled vehi-
cles (WV) must be provided with the necessary braking performance in various conditions of their operation. 
To control the assessment of this performance, the standards and regulations have been developed in interna-
tional practice [1, 2]. They provide for checking the geometry of the adhesion utilization curves of the WV 
axles [3–10] in predetermined so-called «corridors», that ensure road safety due to the rational choice of the 
brake system characteristics and implementation of the proper process of vehicle braking [11–17]. 

In regulatory documents [1, 2] evaluating the braking performance of a WV, the adhesion utilization 
curve of the i-th axle  if  of the wheeled vehicle can be determined based on the equation: 
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where iT  is the braking force on the corresponding i-th axle of a WV, N; iN  is the road reaction to the i-th 
axle of the WV, N. 

The exact solution for (1) in the regulatory documents [1, 2] is proposed only for two-axle vehicles: 




i
i

i

T
f

h
P z G

L

, (2) 

where iP  is the normal road reaction to the corresponding i-th axle of the WV in static conditions, N; h  is 
the height of the WV center of gravity, m; L  is the distance between the axles of the WV, m; z  is the braking 
coefficient of the WV; G  is the WV weight, N. 

An expression similar to formula (2) can also be obtained for a three-axle WV in which the rear two ax-
les are combined by the suspension in one so-called «balancing trolley» [18–20]. 

For multi-axle WVs [21], with three or more independent axles, it is necessary to develop original 
methods for each individual case of layout of their axles when determining the reaction of the road. 
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This approach is not always convenient when plotting adhesion utilization curves and determining the 
braking performance of a vehicle, consequently the aim of this work is creating a methodology for calculat-
ing the reaction of road on the i-th axle of a multi-axle WV when constructing its adhesion utilization curves. 

The object of this study is the process of determining the reaction of road on the i-th axle of a multi-axle 
WV. The relevance lies in the rational determination of the nature of the distribution of the adhesion utiliza-
tion curves of the multi-axle vehicles in order to ensure road safety and increase the braking efficiency of 
such vehicles. 

Methodology for determining the road reaction on the i-th axle of a multi-axle WV 

Work [22] offers to determine the reactions of road iN  in the following form: 

  i i iN P N , (3) 

where  iN  is a dynamic component of the normal reaction of the road to the corresponding i-th axle of the 
WV, caused by the appearance of the total braking force, which is equal to the inertia of the car, N; 

The main advantage of this representation of quantity iN  is the possibility of applying the so-called 

principle of superposition of forces acting on the WV. Therewith, value iP  in equation (3) is a reference and 

depends on the distribution of the car weight relative to its center of gravity. Thus, when determining iN , 

the mathematical and physical model of the WV is greatly simplified due to the lack of iP  and G  quantities. 
Structurally, such a physical model of a multi-axle vehicle can be represented in the form of a circuit 

depicted in Fig. 1. 
 

 
(Т1, Т2, Т3, Тj-1, Тj, Тj+1, Тn-1, Тn are braking forces on the corresponding axles of the n-axle WV; 

l1, l2, lj-1, lj, ln-1 are the distances between the corresponding axles of the n-axle WV; h is the height 
of the center of gravity (c.g.) of the WV; Pj is the inertia force of the braking n-axle WV). 

Figure 1. Diagram of the structural physical model of the n-axle braking WV 

Based on the studies [18], it is obviously possible to accept: 
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It is well known from mathematics and theoretical mechanics that in order to find n of unknown quanti-
ties (3), it is necessary to obtain a system of n equations. 

Since the weight of a WV does not change during braking, we can write the first equation in the follow-
ing form: 
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From the sum of the moments relative to point A (Fig. 1), we obtain the second equation in the form: 
1
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From the scientific and technical literature [2, 18] we know that if, for example, some two axles j and  
j + 1 are combined into a balancing trolley, then we can assume the equality for them: 



Plotting the adhesion utilization curves for multi-axle vehicles 

Серия «Физика». № 1(101)/2021 37 

1 0   j jN N . (7) 

Equation (7) may also have a different form, depending on the design of the balancer suspension. There 
are as many such equations in the system as there are balancing trolleys in the design of the WV. 

The practice of calculations [2, 18] shows that under the accepted assumption (7) the axles combined 
into the balancing trolley can often be conditionally replaced by a reduced axle with loads: 
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which is located at distance 0,5  jl  from the corresponding axle (Fig. 1). 

In this case, the displacement (rotation) of the WV body during braking can be schematically represent-
ed in the form of a diagram, which is shown in Fig. 2. 

 

 
a is the distance from the center of elasticity (c.e.) to the first axle; C1... Cn are stiffness of the suspensions 
of the corresponding WV axles; 1X ... nX are deformation of the suspensions of the corresponding ax-

les;  is the angle of the body inclination relative to its initial position before the WV starts braking 

Figure 2. Diagram of the rotation of the WV body during braking 

From the diagram in Fig. 2 it is obvious that expression (5) can be rewritten in the form 
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From Fig. 2 it is also obvious that: 
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where if i = 1, the distance is 0 0l . 
After substituting expression (10) in (9) and performing simple algebraic transformations, we obtain: 

1
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Dividing the numerator and denominator of expression (11) by the stiffness of the front axle suspension 
and considering that at i = 1 the distance is 0 0l , we obtain: 
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Assuming that during the transition of a vehicle from a running order to a loaded state its body moves 
parallel to itself [23], we can assume that there is an equality: 

n iX const , (13) 
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where n iX  is deformation in the i-th suspension when moving the body from the running order to the load-
ed state of the WV. 

In that case, it is fair to accept: 
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C
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P
, (14) 

where  iP  is the difference between the loads on the i-th axle in the loaded state and running order of the 
WV. 

Thus, we can assume that: 
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after substituting expression (15) into (12), we finally obtain: 
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In equation (16), all components are the well-known reference data [24], which fact subsequently sim-
plifies the calculation of the distance from the center of elasticity to the first axle by dependence (16). 

In this regard, the missing equations for the target system of equations can be determined by the follow-
ing procedure: 

– after finding the distance from the center of elasticity to the first axle by dependence (16), we deter-
mine the position of the center of elasticity relative to the axles of the WV with index j and n. Moreover, 
from Fig. 1 and Fig. 2 we know that if: 
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– for the axles to the left of the center of elasticity, from geometric relations and equation (10) for any 
m-th axle the following relation is right: 
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Considering expressions (5) and (9), after the corresponding transformations for the m-th axle, we ob-
tain the equation: 
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– for the axles located to the right of the center of elasticity, from geometric relationships for any p-th 
axle the following is valid: 
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After the transformations, which are similar to the transformations made earlier for expression (18), we 
obtain the equation: 
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Thus, from expressions (19), (21) we can obtain their missing number for the target system of equations. 
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Plotting the adhesion utilization curves for multi-axle WV 

After solving the statically indeterminable system by the method described above and determining the 
increments of vertical loads on each WV axle during its braking, we find all values of vertical loads iN  from 
expression (3), and using expression (1) we plot the adhesion utilization curves. 

As an example, we address the plotting of adhesion utilization curves for a four-axle truck, schematical-
ly shown in Fig. 3, with the parameters [22]: 

– the distances between the axles are 1 2,03l m, 2 2,62l m, 3 1,4l m; 
– two rear axles are combined by a balancing trolley; 
– axle loads in running order n1 25000P N, n2 25000P N, n3 49000P N, n4 49000P N (axle loads 

in loaded state g1 73500P N, g2 73500P N, g3 131320P N, g4 131320P N); 

– position of the coordinate of the center of gravity from the road surface when WV is in loaded state 
1,05nh m (position of the center of gravity coordinate from the road surface when WV is in loaded state 

1,55gh м); 

Thus: 1 1 1 23500   g nP P P N, 2 2 2 23500   g nP P P N, 3 4 51320   P P N. 
 

 

Figure 3. The scheme of the forces acting on the four-axle truck when braking 

We assume that the braking forces are realized the same on all axles, i. e.: 
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The results of calculations of the utilized adhesion made on the basis of the system of equations (22) us-
ing equations (1) and (3) are presented in Fig. 4 (a). 

If we consider the same multi-axle vehicle, but without a balancing trolley, then the system of equations 
(22) will take the form (23). The results of calculations of the utilized adhesion performed according to the 
system of equations (23) using equations (1) and (3) are presented in Fig. 4 (b). 

A comparative analysis of the results of calculations performed according to the systems of equations 
(22) and (23) shows their significant discrepancy. This allows us to conclude that neglecting the type of sus-
pension when calculating the adhesion of a multi-axle vehicle is unacceptable, since this leads to significant 
errors in calculating distribution of braking forces between the axles of such WVs. 

The calculations of the utilized adhesion for a loaded vehicle according to equations (22) and (23) using 
equations (1) and (3) also showed a significant discrepancy between the results. For convenience of analysis, 
the results of calculations of a loaded WV utilized adhesion are depicted in the form of graphs in Fig. 5. 
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ing the utilized adhesion of the front axles; and without such a trolley in the suspension the deviation Δu will 
be bigger when calculating the utilized rear axle adhesion. 

It should be noted that the error in determining the utilized adhesion above 15 % is not permissible for 
engineering calculations, since under actual operating conditions of a multi-axle wheeled vehicle this can 
lead to a violation of road safety and, as a result, to injury of the road users. 

Conclusions 

The proposed method for calculating the distribution of normal reactions between the axles of an n-axle 
wheeled vehicle allows taking into account the design features of the car suspension when determining the 
adhesion utilization curves on its respective axles. 

The universality of the proposed methodology for calculating the distribution of normal reactions be-
tween axles of an n-axle wheeled vehicle makes it possible to optimize the process of assessing the distribu-
tion of brake forces of a vehicle, both with a balancing trolley and with vehicle axles independent of each 
other. 

The developed methodology for calculating the distribution of normal reactions between the axles of an 
n-axle wheeled vehicle can be used in engineering calculations when testing multi-axle vehicles for compli-
ance with the international requirements of brake systems, Appendix 10 to Regulation No. 13 UN / ECE. 

The performed calculations of the adhesion utilization curves, using the example of a 4-axle WV, 
showed that consideration of the design features of the multi-axle wheeled vehicle suspension significantly 
affects the nature of the geometry of the adhesion utilization curves within the permissible limits established 
by UN / ECE Regulation No. 13 (Appendix 10). 

Analysis of the average deviation in the results of calculating the adhesion utilization curves with an er-
ror not exceeding 1.5 % for the WV in running order and 3 % for the WV in loaded state showed that the 
nature of the geometry of the adhesion utilization curves within the zone established by international rules 
UN / ECE No. 13 depends significantly on the type of a multi-axle wheeled vehicle suspensions. 
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Көпосьті көлік құралдары үшін ілінісуді   
жүзеге асыратын қисықтарды құру туралы 

Жұмыста көпосьті доңғалақты көлік құралының осьтері бойымен жолдың тірек бетінің қалыпты 
реакцияларын есептеу əдісі ұсынылды, оның негізінде автомобильдің суспензиясында тəуелсіз 
осьтердің де, тепе-теңдік арбаларына біріктірілген осьтердің де болуын ескере отырып, көлік 
құралының барлық осьтері бойынша ілінісу қисықтарын құруға болады. Бұл əдістің негізгі идеясы 
көпосьті автомобиль корпусының серпімділік орталығының (айналу орталығының) көлденең 
координатасын анықтаудың əмбебап математикалық моделін жасау болып табылады, соның негізінде 
көлік құралының осьтері бойымен қалыпты реакциялар оның тежелу процесінде анықталады, ал 
тежегіш күштердің белгілі таралуымен жүзеге асырылатын ілінісу қисықтары да тұрғызылады. Шолу 
бөлімінде бүгінгі күні көп білікті доңғалақты көлік құралының осьтеріндегі жолдың қалыпты 
реакцияларын анықтауға қатысты бірыңғай əдістеме немесе ұсыныстар жоқ екенін көрсететін талдау 
келтірілген. Əзірленген əдістеме көп білікті доңғалақты көлік құралдарының тежегіш жүйелерге 
қойылатын халықаралық талаптарға сəйкестігін тексеру кезінде инженерлік есептеулерде қолданылуы 
мүмкін (UN/ECE № 13 Ережесінің 10-шы қосымшаcы). Ұсынылған əдістеменің əмбебаптығы 
жоғарыда аталған Ережелерді енгізуде ұсыныс жасауға мүмкіндік береді. Төрт осьті көлік құралының 
мысалында жүзеге асырылатын ілінісу қисықтарының орындалған есептеулері көпосьті дөңгелекті 
көлік құралының аспа құрылымының ерекшеліктерін есепке алу UN/ECE № 13 Ережелерінде 
(10 Қосымша) белгіленген рұқсат етілген шектеулер шегінде жүзеге асырылатын ілінісу 
қисықтарының орналасу сипатына айтарлықтай əсер ететінін көрсетті. 

Кілт сөздер: көпосьті көлік құралы, тежегіш күштердің таралуы, тежегіш күші, тежеу тиімділігі, 
ілінісу қисықтары, жоғары жылдамдықты автомобиль, көпосьті. 
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О построении кривых реализуемого сцепления  
для многоосных транспортных средств 

Предложен метод расчета нормальных реакций опорной поверхности дороги по осям многоосного ко-
лесного транспортного средства, на основе которого можно построить кривые реализуемого сцепле-
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ния по всем осям транспортного средства с учетом наличия в подвеске автомобиля как независимых 
осей, так и осей, объединенных в балансирные тележки. Основная идея этого метода заключается в 
разработке универсальной математической модели определения горизонтальной координаты центра 
упругости (центра поворота) кузова многоосного автомобиля, на основе чего и определяются нор-
мальные реакции по осям транспортного средства в процессе его торможения, а при известном рас-
пределении тормозных сил строятся и кривые реализуемого сцепления. В обзорной части приведены 
данные анализа, который показал, что на сегодняшний день отсутствуют единая методика или реко-
мендации в отношении определения нормальных реакций дороги на осях многоосного колесного 
транспортного средства. Разработанная методика может быть применена в инженерных расчетах при 
проверке многоосных колесных транспортных средств на соответствие международным требованиям 
к тормозным системам (Приложение 10 к Правилам № 13 UN/ECE). Универсальность предложенной 
методики позволяет рекомендовать ее к внедрению в указанных выше Правилах. Расчеты кривых реа-
лизуемого сцепления на примере четырехосного транспортного средства показали, что учет особен-
ностей конструкции подвески многоосного колесного транспортного средства существенно влияет на 
характер расположения кривых реализуемого сцепления в пределах допустимых ограничений, уста-
новленных Правилами № 13 UN/ECE. 

Ключевые слова: многоосное транспортное средство, распределение тормозных сил, тормозная сила, 
эффективность торможения, кривые реализуемого сцепления, автомобиль повышенной проходимо-
сти, многоосник. 
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