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Modified models of a free boson string and their solutions

In this paper we consider the modified models of a free boson string and examine their dynamics. Modified
models of the boson string are investigated from the point of view of the second order formalism (the
Polyakov action). The motion of the free string propagates in Minkowski space-time. The internal geometry
of the free boson string is described by the metric /2,4 having the signature of Minkowski. The classical string
trajectory is described by the function X*. The introduction of the function K and the potential V(X*) into the
action of the boson string allows us to find new approaches to solving the problem of the boson string dynam-
ics. For these modified models of the boson string the equations of motion are found. The equations of mo-
tion are obtained by varying the action with respect to X*. The energy-momentum tensor for considered mod-
els of the free boson string is calculated. Constraint conditions are obtained for all types of modified boson
string models. It is proved that constraint conditions are satisfied for each considered modified model of the
boson string. Solutions of the equations of motion for each modified boson string model are also considered
and obtained. String’s world sheet has been built for these solutions. It is shown that all solutions for these
models satisfy the equations of motion and the constraint conditions.
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1 Introduction

Despite its successes, the Standard model of elementary particles must be built into a broader theory
that would include gravity as well as strong and electroweak interactions. Currently, there is only one likely
candidate for such a theory: string theory, which emerged in the 1960s as a not-so-successful model of had-
rons and only later emerged as a possible theory of all interactions [1].

String theory touches on the deepest questions of the universe and is the most developed modern at-
tempt to answer questions about the nature of fundamental interactions.

String models appeared in physics in the sixties and seventies of the XX century in attempts to describe
the mechanism of strong interactions [2]. Strings are one-dimensional extended objects with a length of the
order of 10™° m, which is not a subject to observation at present. Their dynamics is considered on a two-
dimensional surface — a world sheet — in the background manifold (n-dimensional space-time) and de-
scribed geometrically. Bosonic models have meaning of twenty-six dimensions and their fluctuations are
bosons, and fermion and superstring — in ten dimensions [3].

The boson string theory is a fundamental theory and most important concepts of string theory can be
explained within this theory. Boson string models are considered and studied in [4, 5]. Generalized models of
boson strings with potential and non-canonical kinetic term were considered in [6, 7].

Despite the numerous studies available in the field of boson string theory, this theory is not fully studied
and requires further development. The need to study different models of boson strings is motivated by the
study of the unification of all the interactions in nature. The study of bosonic string theory can be considered
equivalent to the study of two-dimensional gravity associated with scalars.

The article described the bosonic string model and equations of motion; calculated tensor of energy-
momentum for these models; the solution for the bosonic string. Conclusions are drawn.

2. Models of bosonic string

The action for the freely moving string can be constructed similarly to the action of a point particle. In
the simplest case, the action is described by its d-dimensional Minkowski coordinates X*(o,t). The parame-

ters 0 and T set the points on the world sheet that the string sweeps when it moves; O is the coordinate
along the space-like direction and T is along the time-like direction [8].

Let's introduce the metric /,, and the inverse metric h*® (o, =0,1) on the world sheet. The action has

the form
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= —%jdtjdcﬂK, (1)
where h =det(h,,), T is the constant factor equal to string tension, K is the some function of its arguments.
Consider several models for different K .

2.1. Model K=F(Y)
K=F(),
Y =h®9,X*0, X, =h"[0,X"0, X, ]+h"[9,X"0, X, 1= h"X** +n' X** )

where the dot means the derivative with respect to T and the prime — derivative with respect to G .
Components of metric taken the form

(e (10 ;
P th h11 0 -1) ( )
S=—§ [axfdo=hF (). ©)

In order to obtain the equations of motion of the boson string, we find the variation of action (4) with
respect to X"

We rewrite the action (1) as

55 = —% [at[dov=nsr ()= %Idrfdcﬂﬂ [A X"+ R XM I8X,

Applying (3) we write down the equation of motion

F, (X" -X"™)=0. (5)
The energy-momentum tensor of two-dimensional field theory is written as
2 1 &S
T,=——————=0. 6
@ J=h 5k ©)

In order to find the energy-momentum tensor, we vary action (4) with respect to 4“*. We find the ener-
gy-momentum tensor for the considered model

88 ., = —%T [[ardo] SV=hF(¥)+=h8F(Y)]. 7
The following formulas are useful for varying the action
Oh = —hhmﬁﬁho‘B , (8)

it follows that

SNk = — - “hh 54" )

2
and

OF = F,8Y = FY ,;8h. (10)
Therefore (7) will take the form
1 1 op

8, == T [[drdo=h {—EhaBF+FyYh aB}Bh . (11)

Substituting (11) into (6) we obtain the energy-momentum tensor

1 1
Ty = FyY, o =S haF = FO XX, = —hy .

Since the metric on the world sheet has been calibrated, the vanishing of the energy-momentum tensor,

ie. T,z =0, based on the equation of motion of the world sheet metric, should be introduced as additional

constraint conditions

1
Ty = F0 XX, =~ hyyl = 0. (12)
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Taking into account (2) and (3) we write constraint conditions (12)

T,=FX’ —%F =0;

T,=FX"? +%F =0;

TszloszXX’:O‘
From (13)—(15) follow that constraint conditions
X +Xx*=0;
XX =0.

(13)

(14)
(15)

In relativistic string theory, these conditions are called orthonormal calibration.
Equation of motion (5) can have several solutions. Let's consider some models of these solutions.

2.1.1. Model X* = 4, cos(T+0).

X% = —4sin(t+0);
X+ = — A, cos(T+0)=—-X"
X" = — 4, sin(T+0);
X" = —4.cos(1+0)=—-X"

Constraint conditions for this model
1) X+ X% =24%in’(T1+0) = 0;
4, #0=5in’(t+0)=0;
T+0=T7n,ne 2.
X-X' =4 sin’(1+0)=0;
T+06=Tmn,ne ~£.

Substitute the solutions into the equations of motion (5)
Fy[-4, cos(t+0)+ 4, cos(T+0)]=

2)

2.1.2. Model X* = 4, cos(T—0).

X+ o= - A, sin(T-0);
X o= — A, cos(t—0)=-X".
X" = A4 ;sin(t-o);
X" = —4.cos(1-0)=-X"
We write constraint conditions for this model
1) X?+ X% =242sin’(1—0)=0;

4, #0=5in’(t—0)=0;
T—0=T7n,ne 2.
XX =—A:sin’(T-0)=0;
T—6=Tn,ne 2.

This model satisfies the equation of motion (5)

2)

0.

F,[-4, cos(t1—0) + 4, cos(1—0)]=0.

2.1.3. Model X* = 4, cos[B,(t1—0)].
Xu
Xu

—A,B,sin[B,(T-0)];
— 4,B; cos[B,(T1-0)].
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X" = AB sin[B (1-0)];

XM = —4,B;cos[B,(1-0)].
Constraint conditions for the model 2.1.3 take a form
1) X*+X?=24Bsin"[B,(1-0)]=0;

sin’[B,(1-0)]=0;

t—czﬂ,ne Z.
Bu
XX =-4;Bsin’[B,(1-0)]=0;

2
) T—GZE,HE Z.
B

n
We substitute this model also into the equation of motion (5)

F,[-4,B; cos(1—G) + 4 B; cos(1—0)]=0.

From the three examples, it can be seen that all considered models are solutions of the equation of mo-
tion (5).

2.2. Model K = F(Y)-V(X").
We write the action (1) as
S= —gjdrjdcﬂF(Y).V(X“). (16)

To obtain the equations of motion of the boson string, we find the variation of action (16) with respect
to X*

55:% [ax[ao=hd(F¥)-v(x)) =

T . .
- _Efdfjdcﬂ[_zg V(X + "X +EV 18X

Applying (3) we write down the equation of motion

.. w1
EV(X*-X “)—EFVXH =0. (17)
We find the variation of action by 4%
38 . = —%T [ IdtdoV(X“)[Sx/—hF(Y) + \/—hSF(Y)] . (18)
Using (8)—(10) write the action
1 1 o
8, == T [[drdov (x*W-h [—EhuBF +FZ o }Sh P, (19)

Substituting (19) into (6) we obtain the energy-momentum tensor

1 1
TuB = V[FyZhuB _EhuBF] = V[FyauX“aBXH _EhO‘BF]'

The equation of motion (17) must be supplemented by the constraint conditions 7., =0.

1
T =VI[F,0,X"9X, _EhaBF] =0. (20)
Taking into account (2) and (3) we write the constraint conditions (20)
Ty, =V(FYX2—%F)=0; Q1)
T, =V(FX"? +%F) =0; (22)
T, =T, =FVXX =0. (23)

From (21)-(23) follow constraint conditions
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X4 X7 =0,
XX'=0.
We consider some solution models of the equation of motion (17).

2.2.1. Model X* = A4, cos(1+0).

X% = —4sin(t+0);
X = — A, cos(T+0)=—-X".
xr o= - 4, sin(t+0);
X" o= — 4, cos(t+0)=-X".
The constraint conditions for the given model are
1) X+ X7 =24 sin’(1+0) =0;

4, #0=sin’(t+0)=0;
T+06=mnn,ne ~Z.
X-X =4 sin’(1+0)=0;
T+o0=mn,ne Z.

Substitute given model in the equation of motion (17)

1
Fy,V[-A4, cos(t+0)+ 4, cos(T+0)] _EFVxH =0;

2)

FV =0.
xM
F#0,V =0,V =const.
o

In space, the string can move as you like and in its motion in space-time sweeps the surface, called the
world sheet of the string, which is a two-dimensional surface with spatial ¢ and temporal T coordinates.
Moving in d-dimensional space-time, the string oscillates. In order for these oscillations not to contradict
quantum mechanics and special relativity theory, the number of space-time dimensions for the boson string

must be 26.
Figure 1 shows the distribution of the boson string world sheet in coordinates T and ¢ for model 2.2.1.

Figure 1. The world sheet of a modified bosonic strings for the solution X* = 4, cos(t+0) at 4, =4

If the string is closed, then among other oscillations in the spectrum of its motion will be a particle with
zero mass and spin 2, the so-called graviton — which is the carrier of the gravitational interaction.

In curved spacetime, a closed string experiences curvature as it moves. In this case, in order not to vio-
late the laws of quantum theory, curved spacetime must be a solution to Einstein's equations.
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2.2.2. Model X* = 4, cos(1-0).

Xt = - 4, sin(tT—0);
X = — A, cos(t—0)=-X".
X o= 4, sin(t-o0);
X" o= — A, cos(t-0)=-X".
Constraint conditions for the model 2.2.2 can be written as
1) X?+X?=245in’(1—0) =0;

4, #0=5in’(t1—0)=0;
T—0=T7n,ne 2.
X-X =-Asin*(1-0)=0;
T—O0=Tn,ne ~£.
Substitute this model in the equation of motion (17)

2)

1
FyV[-A4,cos(t—0)+ 4, cos(T—0)]— EFVX” =0;
F VXu =0.
F#0,V =0,V =const.
xM

Figure 2 shows the distribution of the boson string world sheet in coordinates T and ¢ for model 2.2.2.

Figure 2. The world sheet of a modified bosonic strings for the solution X* = 4, cos(1—-0c) at 4, =4

2.2.3. Model X* = 4, cos[B,(1—0)].

X" = —AB,sin[B,(1-0)]
X* = —4.B;cos[B,(1-0)]
X" = 4B sin[B,(1-0)];
X" = —A4,B;cos[B,(1-0)].
The constraint conditions for this model
1) X*+X?=24Bsin’[B,(1-0]=0;

sin’[B,(1—6)]=0;

n
T—-0=—,ne’”.
Bu
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XX =-4Bsin’[B,(1-0)]=0;
2
) T—0= E,n YA
B 0
Substitute solutions in the equation of motion (17)

1
F,V [ ~A,B; cos[B, (1~ 0)]+ 4,B] cos[ B, (1—0)] | - SFV =0
FV =0
F#0,V § = 0,V = const.

X

Figure 3 shows the distribution of the boson string world sheet in coordinates T and ¢ for model 2.2.3.

Figure 3. The world sheet of a modified bosonic strings for the solution X* = 4, cos[B,(t—0)] at Au =5B, = 3

All considered models are solutions of the equation of motion (20).
3. Conclusion

In the article the dynamics of the bosonic string for various modified string models was studied. Con-
sidered actions for given bosonic models of strings and the equations of motion are obtained by varying the
action with respect to X*; calculated tensor of energy-momentum for these models, obtained the constrait
conductions; solutions obtained for the modified models of bosonic strings. Built world sheets of bosonic
strings for some solutions. It is checked that the constrait conditions for all considered models are satisfied.

The same classical string theory may have different quantum versions of their models. Some of them
may have a non-physical dimension of space-time and tachyon states. Others may be formulated in ordinary
four-dimensional spacetime and have no tachyon states. Theoretical physicists are interested in both groups
of quantum string models. The appearance of relativistic strings in four-dimensional space-time is currently
considered in cosmology as the most likely candidate for explaining the process of appearance of
inhomogeneities in the distribution of matter in the early universe, which caused the appearance of galaxies.
Therefore, the study of various models describing the dynamics of the boson string, will make a choice in
favor of the most adequate models.

The work was financially supported by the scientific and technical program (F. 0811,
MNe 0118RK00935) MES RK.
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3.K. llanuna, O.B. Pasuna

Epkin 0030HABIK ieKTiH MOAUPUKANUSATAHFAH MOIeJIbepi
JKOHE OJIapAbIH IIemimMaepi

Makanaia epkiH OO30HIBIK INIEKTiH MOMU(UKANUSIIAHFAH MOJENBICPI KapacTHIPBUIABI JKOHE OJIapIIbIH
JMHAMHUKACHI 3epTTeNAl. BO30OHABIK iIeKTiH MoauduKauusiIaHFaH MOJENbIAEpl eKiHII PeTTIK (opMaan3M
(TTonsikoB) TypFBICBIHAH 3epTTEdreH. EpKiH 1LMIEKTIH KO3FajbIichl MUHKOBCKHI KEHiCTIK-yaKbITBIHIA
Tapananel. EpkiH 6030HIBIK iMIEKTiH iIIKi reoMeTpusckl MUHKOBCKHI CHTHATYpachlHa He /i,y METPUKaMeH
cHmaTTangbl. [IEeKTiH KIacCHKaIbIK TPAeKTOPHSICH X" (yHKUHSIMEH YCHIHBUFaH. BO30OHIBIK iMIEKTiH acepiHe
K dyaxuusicsr meH V(X") moTeHIHANIBI eHTi3y GO30H/IBIK ilIeK THHAMUKACHIHBIH MOCENeIEPiH STy e XKaHa
Tociingep Tabyra MYMKIHIIK Oepeni. Bo3oHIBIK imekTiH GepiireH MoAM(HKALMSUIAaHFAaH MOJEIbAep] YIIH
KO3FaIBIC TeHAEYNepi TaObUIIBL, ofap X" ocepiHe KaTBICTHI Bapualusuiay omici OOMbIHIIA aibiHabl. Epkin
0030HIBIK iLIEKTiH KapacThIPbUIATBIH MOJEBACPI YIIIH SHEPTHS-MUMITYJIbC TEH30pbI ecenTeni. Bo30HIbIK
iIIeK MOJEIBACPiHIH OapibIK TYpIiepi YiIiH OaiylaHbIC MAPTTApPhI ANBIHIBL. OpOip KapacThIPbUIATHIH MOJEIb
ylrin OaiilaHplC LIapTTApbIHBIH OPBIHAANATHIHABIFEl AdnenaeHai. COHbIMEH Karap, OO30HMABIK IIIEKTiH
Moan(HUKaIMsIIaHFaH MOJISIIbIeP] YILiH KO3FAJIBIC TeHACYICPiHIH LIeiMIepi KapaCThIPBUIIBI )KOHE allbIH/IbI.
Bepinren wemriMaep yimiH iIEKTiH oNeMIIK Maparbl KypbUIgbl. bepiaren Monenbaep YImiH OapJibik
nIenriMaep Ko3rajbiC TeHACYIEPiH xKoHe OailllaHbIC MapTTapblH KaHAFaTTaHABIPATHIH/IBIFB KOPCETLII.

Kinm co30ep: 6030HIBIK iIIeK, acep, KO3FAIBIC TCHIEYI, SHEPTHsI-UMITYJILC TEH30PbI, OaliIaHbIC IapTTapHI.

3.K. llanuna, O.B. Pasuna

MoaupuuupoBaHHbIe MOAEJU CBOOOTHOI 0030HHOM CTPYHBI M UX PelIeHUs

B crartbe paccMOTpeHBI MOAN(DHUIPOBAHHEIE MO CBOOOIHOM O030HHON CTPYHBI U HCCIEAOBAaHA UX JH-
HamuKa. MoauduIpoBaHHbIe MOJenn O030HHOW CTPYHBI M3y4eHBI C TOUKH 3pEHUs (opManu3mMa BTOPOro
nopsika (neiictsue IlomskoBa). J[BmkeHre CBOOOIHOM CTPYHBI pacpOCTPaHsAETCsl B IIPOCTPAHCTBE-BPEMEHU
MuHKOBCKOro. BHYTpeHHSAs reoMeTpHs cBOOOAHONH GO30HHOH CTPYHBI ONHCBHIBAETCS METPHUKOH /45, UMEIO-
el curaatypy MunkoBckoro. Kiiaccnueckast TpaeKTopHs CTPYHBI TIpejicTaBieHa GpyHkiuei X*. BeeneHue B
neiictBre 6030HHO#M cTpyHbI GyHKIHK K U moTeHnuana V(X") mo3BoJisieT HalTH HOBBIC TIOIXO/bI K PELICHUIO
npoOsieMbl AUHAMHUKU 0030HHOW CTpyHBI. st JaHHBIX MOAU(MHUIMPOBAHHBIX Moeieil 6030HHOI CTPYHBI
HafICHBl YPABHCHUS ABIKCHMS, KOTOPBIC MOIYyYEHBl METOAOM BapbHPOBAHHS ICHCTBHS OTHOCHTENBHO X'
Brrunciien TeH30p SHEpPrUU-UMITyJIbCa ISl pacCMaTPHBAEMBIX MOAENEH cBOOOIHOM 6030HHOM cTpyHBI. [lo-
JIy4eHBI YCJIOBUS CBSI3eH JUIS BCEX BHIOB MOIM(MHUIMPOBAHHBIX MojeNed 0030HHOU cTpyHBI. J[okazaHO, 4TO
YCIIOBHSL CBSI3€H BBINOJHSIOTCSA M KaXJ0 paccMaTpuBacMOH MOAMU(DHIIMPOBAHHOM Mojenn 0030HHOH
cTpyHbL Tarke M3ydeHbI HOJydICHHBIE PEIICHHS YPAaBHEHHH IBIKEHHS UL KaXJOH MOAN(HIMPOBAHHOI
Mozen 0030HHOH cTpyHBI. IlocTpoeH MUPOBOM JIHMCT CTPYHBI A1l AaHHBIX pemeHuil. [lokasaHno, 4yTo Bce pe-
MIEHUS JUIS TAHHBIX MOJIeIel yIOBIETBOPSIIOT YPaBHEHUAM JBHKEHUS M YCIOBHUSIM CBSI3EH.

Kniouesvie cnosa: 6030HHAs CTpyHa, JEUCTBHUE, YpaBHEHUE IBIDKCHHS, TEH30P SHEPTUU-UMITYJIbCA, YCIOBHSA
CBs3EH.
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