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Geodesics in the closed accelerating University

The need to introduce in the current cosmological models, dark energy and dark matter raises the question of
revision of the basic concepts of the structure of the Universe. In particular, the accelerated expansion of the
Universe can significantly affect the observed motion of free bodies. Conclusions about the dynamics of re-
mote astrophysical systems may not be correct if they are based on an incorrect interpretation of the observed
nature of the motion. In view of this, it seems relevant to study the general laws of motion in an accelerating
expanding space. The present work is devoted to the study of the nature of the motion of test particles in a
maximally symmetrical, closed, accelerating Universe. As a concrete model, we study the anti-de Sitter
space, that is, a space with positive scalar curvature. More specifically, as a model, a four-dimensional one-
sheeted hyperboloid is embedded in a flat five-dimensional enveloping space characterized by the Minkowski
metric. The orientation of the hyperboloid is along the time axis. This choice of geometry allows you to main-
tain the straightness of 0-geodesics, both in the enclosed and in the enclosing spaces. The Minkowski metric
of the ambient space induces a metric on the hypersurface of a hyperboloid that simulates an accelerated ex-
panding spatially closed Universe. The pseudo-Cartesian coordinate system is introduced for saving formal
equality of space dimensions of the space-time. The basic geometrical characteristics such as the metrics and
the connection are calculated in the coordinate system. The system of geodesic equations was solved for par-
tial case of hyperbolic space-time. The choice supplies the possibility to investigate the common properties of
spatial accelerating University. It is shown that number of faster-than-light particles (tachyons) has to be de-
creasing in the model due to annihilation processing.

Keywords: anti-de Sitter space, geodesics, accelerating University, pseudo-Cartesian coordinates, curvature,
dynamics of probe particles.

Introduction

The recent discoveries in the observing astronomy lead us to the revolutionary conclusions about neces-
sary of deep revision for our theoretical knowledge on the physics of the University.

The first supposition to this was some discrepancy between observables of the mass distributions in spi-
ral Galaxies and theoretical predictions of neither Newtonian mechanics nor General Relativity. The solution
of the problem demanded introducing dark matter [1] that is not radiating but takes part in gravitational in-
teraction. Estimation its quantity leads to the conclusion about the curvature of the universe as very closed to
flat one. Analysis of luminous excitance of supernovas developed into discovery of the accelerating expan-
sion of the universe. This cannot be agreement with action only attracting forces between objects [2]. There
are several very different approaches to explanation this phenomenon [3].

Among the main ones are returning of A-item into Einstein equations and various combinations of ge-
ometrical approaches with introduction of exotic matters such as mirror matter [4] et cetera.

The alternative theories like Modified Newtonian Dynamics [5] have some popularity as well.

At present time the question of geometrical properties of the universe is remained open. Observable
plainness of the universe stimulates appearance of the models with possibilities to reconcile this property
with insularity of its spatial part (see [6]). We want to note that we don’t see any serious physical substantia-
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tion of the idea of the spatial closed university apart from some paradoxes that all have acceptable explana-
tions.

In the present work a model of the most symmetric three-dimensional closed universe is considered.
The model allows investigate common properties of free motion in the case of accelerating expansion of the
universe.

1. Pseudo-Cartesian coordinates

Pseudo-Euclidian metrics of the bulk space-time
dS* =dT* —dX* —dY* —dzZ* —dw*.
Here and further we take the light velocity ¢ =1. Equation of a hyper-sphere in the spatial part of the
space-time
R =X*+Y'+Z+W*.
Pseudo-Cartesian coordinates on the hyper-sphere:
x=Ro, y=RB, z=Ry, (1)
where o, B, y are the angular coordinates (Fig. 1).

Figure 1. This is an illustration of the correlation between the angular and pseudo-Cartesian coordinates
on the example of a two-dimensional sphere in the three-dimensional bulk space

It can be shown [7] that
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In the dynamical symmetric Universe we have R = R(T). So, interval on the closed space-time takes

the form
2
ds* = 1—(Mj dT* - R*(T)do" ,
oT
where do is the distance on the hyper-sphere of unit radius in the angular coordinates. Now we can intro-

duce the time on the hyper-surface as

1—(MJ dT =dt . ©)
YA
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After substitution into previous expression we have the metric in the next simple view
ds’ =dt’ —R*(t)do” .
We will use designation g, for the metric of the closed space-time in pseudo-Cartesian coordinates
(t,x,y,z) and g, if angular coordinates (#,0.,[3,v) are used. Here and further the Greek type indexes take

on the values 0, 1, 2, 3. The Latin indexes numerate only spatial coordinates and take on the values 1, 2, 3. If

we introduce the cosmological parameter as
R@® )
a(t) =
R

0

then we have the standard expression for the Freedman-Robertson-Walker metric
ds* =dt’ —a’(t)R}do” .
The metric in the angular coordinates is calculated in [7] and one has the next view (o, =(o.,B,7)

A=1+tg’ a+tg’ B+tg’y):
80 =1, &:=0, goozl gOiZO
(I+tg’ o, )(1+tg’ o, tga, tgo,
LR (1),

- (A—tg’ o)(1+tg’ o)’ 5
i T Az Rz(t)’ 8 |1$] A2
- 2N #j 2 2 2, "
Tt o)+ tg’a,) R2()

1+tg’ o R* (1)’
The connection can be calculated due to its definition
1
Ty =5g" (008vp +0p8ay —0u8ap ) -

The only non-trivial components:

(1+tg’ o )(1+1tg’ o, ) tg o, tgor,

i%) - Az R(t)aOR(t) B
(A-tg’o)(1+tg’ o)

Y= e R(t)0,R(1),
thC[(A—l—tgz OC[)
A

tgo, (1+tga,)
ki A
RO 5
R(t)
Let’s consider a partial case when the motion has place only along x-axis. In other words we will put

0
i

b

Fj:i =2

k
ki

b

Fl

B=1v=0. The definition of geodesic equations

d*xtdx” dx®

-+ - =
ds’ ® ds ds

gives the next system:
d’t o1 (da} _o,
ds

d 2
2
d*o. 4o op dt do, ril(docj 0.
ds " ds ds ds
After the choice B=0 and y=0 the necessary connection components are
a R(t)

I}, =0, Y, =R()d,R
1 =0, I =R(®)I,R()., T, RG)
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Therefore the system of geodesic equations takes the form:

d*t do Y
o R(t)aoR(t)(Ej =0, 3)

2
70 |y 0RO i da_, | )
ds R(t) ds ds
Now, one needs to choose the concrete view of the function R(¢) to resolve this system.

2. Universe as a Hyperspace

Let’s take a form of the Universe as one-sheet hyperboloid oriented along the time axis (the sheet is
supposed to be three-dimensional one). So the dependence of the radius from the world time will have the

next simple view
R(T)=yR>+T" .

This choice is in agreement with the conception of accelerated swelling of the Universe at the current

stage of the evolution (Fig. 2).

Figure 2. A two-dimensional model of the one-sheet hyperboloid subspace
embedded into a bulk space-time

Taking account that
dR(T) _ T

dr — |R*+T?

and using it together with (2), after integration we will have the next relation between the world time and

time on the hypersurface

T
t =R, arcsh— +const .
0

Therefore, the R(¢) dependence has the next simple view

t
R(t) =R0 ChR—

0

Further it will be convenient to introduce a new dimensionless variable for the time
T=t/R,.
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So, the system (3), (4) takes the next form
2 2
d—:+lsh2r(d—aj -0, (5)
ds” 2 ds

2
L LLLL Y

ds ds ds
It is easy to see that the last equation can be rewritten in the view

i(ch2 ‘cd—aj =0.

ds ds
It implies that
do a
= 6
ds ch’z ©)

where a = const . After the substitution it into (5) we get to the equation with one variable
d’t  sht ,
PR
ds ch’t

that coincides with the equation of the two-dimensional case considered in the article [8]. It can be checked

that its solution can be written as
a2
ShT = 1+P Sh(K(CiS)) ,

where ¥ and C are new constants. It is obvious the constant C charges for the origin point of the parameter
s . So, let’s make a simplest choice T(0) =0 and take the sign as «+» to run along the geodesics in the direc-

shr:1/1+a—i sh(ks). (7)
K

do._ a
ds  ch’(ks)+(a/x)*sh?(ks)
Resolution of the equation gives us

b

tion of T increasing. So we put

From (6) we have

te(c-0) = th(xs),

where o, is a new constant with obvious physical meaning. Using (7) we get to the equation of trajectory in
the oo, T — coordinates (as it have been chosen above the motion takes place only in the one plane!):
sht

J1+(x/a)’ch’*t

Therefore for the pseudo-Cartesian coordinate x = aR(t) (1) we have:

o = arctg +0,.

sht

J1+(x/a)’ ch’t

Let’s express the unknown constants through initial conditions of the next view:

*(0)=x,. &

x=Rcht-arctg +o,R,cht .

After some math transformation we have
sht

2
\/(Roj ch’t—sh’t
Vo

It is easy to see that the Euclidian limit R, — o for this expression has the simplest view of a uniform
motion:

x=R,cht-arctg +x,cht.

X=VyT+X,.
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The analysis of the result coincides with one for one-dimensional case that was done in [8]. The most
important result was concluded in the statement about disappearing of tachyons in the late universe in the
frames of the model. But now the same result can be generalized to the common case of spatially three-
dimensional space.
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B.B. Apxunos, T.M. Opsimbaii, I1.0. Kucabexosa

TyiibIK yaeyi e3repin oTbIipaThid FajlaMHBIH reoie3usi ChI3bIKTaAPbI

3amMaHayH FapbIITHIK MOJEIbIACPre Kapa SHEprus XKoHE Kapa MaTepHUsiHbBl €Hri3y Kakerrtirri Famamubg
KYPBUIBIMBI Typaiibl OapJIbIK HETIi3Ti TYCIHIKTepHi KalTa Kapay Typaibl CypakTel ychiHanbl. CoHmai-ak
FanamMHBIH KapKbIHIB! YIFAObl €pKiH JeHeNepAiH OaKbpUIAHBIT OTBIPFaH KO3FAJBICHIHAA aHTapIIBIKTail
kepiHeni. KambIKTars! acTpo(U3HKaNBIK JXKYHeIepaiH JHHAMUKACH! Typaibl KOPBITHIHIBUIAP KO3FAIBICTHIH
OaKbUIaHBIN OTHIPFAH CUIATHIHBIH KaTe TajJayblHa Heri3Jience, OHa ojap Aypbic 0oiMaybl MyMKiH. OcbiFaH
0aiiiIaHbICTBl KapKbIHABI YIIFAIbIN JKaTKaH KEHICTIKTErl KO3FabICTApAbIH Kbl 3aHJIApbIH 3€pPTTEY ©3€KTi
Gonbin TaObLTazbl. Makana OapblHIIA CUMMETPHSUIBI, TYHBIK, T€3 ©3repill OThIpaThiH Fanamaarbl ChIHAK
OenIeKTepAiH KO3FajblC CHUNATBIH 3epTTeyre apHanraH. HakTel Mozenb perinze antu-ne CHTTEpIiH
KEHICTIT, SFHH OH CKAAPIBIK KUCHIKTBIK KEHICTiri, 3eprrenni. Hakreuiay ymri peringe MuHKOBCKHI
METPHUKACHIMCH CHUITATTANATHIH, JKa3blK Oec eJIeMIl ayMakKThl KeHICTIKKe EHTi3LIreH TepT eimemai Oip
KYBICTBI TUIIEpOONION TaHAATIbL. [ HIepOoIounTiH OarbiThl — YyaKBIT OCiHIH Oo0#bL. ['eomeTpusHBIH Oy
TaHIAybl AyKbIMABI KeHiCTikTe 0-reofe3WsIBIKTBIH TY3y CBHI3BIKTBUIBIFBIH CaKTayFa MYMKIHAIK Oepeni.
AYKBIMIBI KEHICTIKTiH MHHKOBCKUH METPHKAchl KapKbIHIbI YJIFailbIll JKaTKAaH TYHBIKTalNFaH KEHiCTiK
Fanamzbl Keckinzeymn TunepOOIOMATIH TMIEPKa3bIKTBIFBIHA METPUKAaHbl BIKNAIAAHAbIPanbl. KeHicTik-
YaKBbITTBIH KEHICTIK eJIeMaepiHiH (popMaIsl TEHIIK cakTay YIUiH NCeBI0JCKAPTTHIK KOOPIHHATTAp XKYleci
enrizinai. OCbl KOOpAMHATTAp JKy#eci YIIH Herisri reOMEeTPUsUIBIK CUIaTTaMalap — METPHKa JKOHE
OaitmaHBICTEIDY K03 ¢unmeHTTepi ecentenreH. ['eome3wst CBHIBBIKTaphl YIIIH  TEHAEYJep xKyifeci
rUrepOoIablK KCHICTIK-YaKbITTHIH JKEKe JKar[JaiblHIa IIelmiired. byn TaHmay KeHICTIKTe yaeyl e3repim
oThIpaThIiH FamaMHBIH JKalummbl KacHeTTepiH 3epTreyre MyMkiHmik Gepeni. COHBIMEH KaTap OCHI YIiTige
AQHHUTHJISIIUST TIPOIIECTEPi YINIH JKapbIK KbUIIAMIBIFBIHAH apTHIK JKBUIJAMIBIKIICH KO3FaJaThIH OeIIeKTep
CaHBl — TaXUOH CaHAAPHI yaKbIT OOMBIHIIA TOMEHCY THIC eKeHI KOPCEeTLIreH.

Kinm co30ep: antu-ne-Currep KeHicriri, yaemeni Famam, rceBroekapTTblK KOOPANHATA, KUCHIKTBIK, CHIHAK
OeIeKTepAiH AMHAMUKACHIL.

B.B. Apxunos, T.M. Opsimb6aii, I1.A. Kucabexosa
I'eone3snyeckue B 3aMKHYTOH yckopsirouleiicsa BeesieHHon

HCO6XOZ[I/IMOCTI) BBCIICHUSI B COBPEMCHHBLIX KOCMOJIOTHYECKUX MOACIIAX TEeMHOM OHEPIrun U TEeMHOU MaTrepumn
CTaBUT BOIIPOC O PEBU3UHN BCEX OCHOBHBIX HpeZ[CTaBJIeHI/Iﬁ O CTPOCHUU Bcenennoii. B YaCTHOCTH, YCKOPCH-
HOC pacClIMpeHUEC BcenenHOl MOXKET 3HAYUTEIHHBIM 06pa30M CKa3aTbCs Ha Ha6JIIOI[aeMOM JABUXCHUH CBO-
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00aHBIX TeJl. BBIBO/IBI O TMHAMUKE YIaJ€HHBIX aCTPO(PU3MIECKUX CHCTEM MOT'YT OKa3aThCs HEKOPPEKTHBIMH,
eciay OHH OyAyT 0a3uMpOBaTHCS HAa HEBEPHOW MHTEPIpETalM HabJI0JaeMOro Xapakrepa ABWXKeHHs. BBumy
3TOTO MPEACTABIAETCS aKTyallbHBIM HCCIIE0BaHNE OOIINX 3aKOHOB JABMKEHUS B YCKOPEHHO PaCIIMPSIOIIEM-
cst mpocTpaHcTBe. CTaThs MOCBSIIEHA HCCIICIOBAHUIO XapaKTepa ABMKEHUS MIPOOHBIX JaCTUI] B MAKCHMAIILHO
CUMMETPHUYHOI, 3aMKHYTOH, yckopsoueiics Bcenennoil. B kauecTBe KOHKPETHOH MOAENM HCCIELyETCS
MIPOCTPAHCTBO aHTU-I¢ CuUrrepa, T.e. MPOCTPAHCTBO C MOJIOKHUTEILHON CKAIIPHOW KpUBU3HOW. bonee koH-
KpPETHO B KaueCTBE MO/JIETIH BEIOPAH YETHIPEXMEPHBIH OJHOIOJIIOCTHON THIIEpOOIION I, BIOKEHHBIH B INIOCKOE
MSITUMEPHOE 00BEMITIONIEE TPOCTPAHCTBO, XapaKTepu3yroieecs MeTpukoit MuHkoBckoro. OpueHTaIys Iu-
nepboonga — BAOJIb OCH BpeMeHH. Takoil BBIOOp T€OMETpHM TO3BOJAET COXPAHUTH NMPSIMOIUHEHHOCTDH
0-reosie3nvecKkux Kak BO BJIOXKEHHOM, TaKk M B 00BEMIIIOIIEM NpocTpaHcTBax. MeTpuka MHHKOBCKOTO 00b-
€MJIIOIIEr0 MPOCTPAHCTBA MHIYLHUPYET METPUKY Ha THNEPHOBEPXHOCTH TUMEPOOIONAA, MOJEIHPYIOIIETO
YCKOPEHHO pacHIMPSIONIYIOCS MPOCTPAaHCTBEHHO-3aMKHYTYI0 Bcemennyro. [l coxpaHeHHst (OpMaIbHOTO
paBHOMPABHS NPOCTPAHCTBEHHBIX M3MEPEHHH NPOCTPAHCTBa—BPEMEHH BBEJCHA ICEBIOJICKAPTOBA CHCTEMA
koopauHat. [ 3TOH CHCTEMBI KOOPAWHAT BBIYUCIEHBI OCHOBHBIC T€OMETPHUYECKHE XapaKTEPUCTHKA —
MeTprKa U ko3 dunnents! cea3HocTH. CucteMa ypaBHEHHH IS TE0AE3MUECKUX PEIIeHa AJIs YaCTHOTO CITy-
Yasi THIepOOINIECKOr0 IPOCTPAHCTBA—BPEMEHH. DTOT BBIOOP MO3BOJISIET HCCIEN0BAThH O0IIME CBOMCTBA MPO-
CTPaHCTBEHHO ycKkopsmoueiics Beenennoil. IlokaszaHo, yTo B JaHHON MOJAEIM YMCIIO CBEPXCBETOBBIX YACTHIL
— TaXMOHOB — JIOJDKHO MOHMKAThCS C TEUEHUEM BPEMEHH M3-3a aHHUTHIISIIMOHHBIX MIPOLIECCOB.

Knioueswie cnosa: mpoctpancTBo aHTH-1e CuTTepa, yckopsiomascs BeenenHnas, nceBioekapToBas KOOpau-
HaTa, KPUBHM3HA, AUHAMHKA MTPOOHBIX YaCTHII.
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